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Foreword

T

oday we live in a paradoxical situation. Mathematics, as a tool for learning rigorous and logical thinking, is irreplaceable; it helps to develop intuition, imagination,
and a critical sense. It is also an international language and an important element of
our culture. Moreover, by its interactions with other sciences, mathematics is playing
an increasing role in designing and developing objects for our daily life. But most people tend not to be aware of this, and for them mathematics has lost its meaning. It is
now sometimes fashionable, even among those in responsible positions, to boast at
being “zero in math”, or to challenge its usefulness.
One can find explanations for this paradox and incomprehension, which are specific
to mathematics. It is a discipline which draws on its links with other sciences and the
real world, but also enriches itself: its theories are not superseded; they build upon
one another. Conversely, even if a large number of researchers in mathematics are
interested, above all, in the intellectual and even the aesthetic side of their discipline,
sometimes applications emerge in unexpected ways. Thus, applications enrich research,
but by themselves cannot direct it.
This subtle balance between internal and external factors of development must be preserved at all costs. Trying to limit mathematical research to its potential applications
would be tantamount to its disappearance. On the other hand, stressing, the study of
structures and the internal dynamics of the discipline, as was done in French mathematics for several decades beginning in 1940, resulted in delaying the development of
applied mathematics in France, in contrast to what happened at the same time in the
United States and the Soviet Union. The factors leading to progress are very often at
the frontiers of the discipline.
We are delighted that today mathematics has restored, and sometimes created, strong
links with other sciences and with many sectors of the economy. The line between pure
mathematics and applied mathematics has become blurred: the most fundamental
mathematics is being used to solve more and more difficult problems. Thus, fields such
as algebraic geometry and the theory of numbers have found unexpected applications
in coding theory and in cryptography. In the same way, the strong links between mathematics and finance have helped in the evaluation, and even in the creation, of increasingly complex financial products in response to the needs and demands of the economic players.
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However, there still remains much to to be done to change the image of mathematics, and to make the assets and attractions of mathematics and its applications more
well-known. The goal of this document is to make mathematics familiar in its various
aspects - scientific, technical, cultural, sociological; to underline the diversity and universality of a discipline which has close ties with physics, chemistry, economics and biology, as well as with history, music and painting. Mathematics is everywhere. Without
it there would be no computers, no software systems, no mobile phones, no design
workshops for car and aeronautical manufacturers, no satellite localisation systems, signal processing, genome decoding, weather forecasting, cryptography, smart cards, or
robots.
Beyond its role as an academic science and a basic learning tool in schools, mathematics is omnipresent in today's society. It follows, accompanies, and sometimes precedes the current scientific and technological advances, which rely on the latest results
in contemporary fundamental research, as much as they benefit from the accumulated
discoveries of the past. Lastly, the need for mathematics grows with the acceleration
in technological creation and change. One cannot do without it when confronted with
the need to develop, control, or analyse increasingly complex systems.
This need has been understood in the United States, and the NSF (the National
Science Foundation, the federal organisation in charge of distributing university research
grants) decided in 2000 to substantially increase its financial support for mathematics.
Our chance lies in the fact that in France the teaching of mathematics remains one of
the best in the world, and that our scientists and engineers are highly regarded internationally. The number of Fields medals, equivalent to the Nobel Prize which does not
exist for mathematics, won by Frenchmen is testimony to this. Recently, on the occasion of the third European Congress of Mathematics, which was held in Barcelona in
July 2000, five of the ten award winners were French mathematicians. Let us maintain
this level of excellence.
Mireille Martin-Deschamps
President of the SMF from 1998 to 2001
Patrick Le Tallec
President of the SMAI from 1999 to 2001

Predicting the weather
Claude Basdevant

Forecasting the weather or the climate is not an easy matter.
It requires modelling of numerous natural phenomena
and interaction between several sciences, ranging from mathematics
to biology, via computer science, physics and chemistry.

w

here does the weather bulletin that a
smiling lady presents every night on the television come from ? No longer from frogs or
thermometers, but rather from supercomputers which process huge amounts of data,
obtained mainly by satellites, together with
the laws of mechanics and physics, and also
much, often recent, mathematics.
For computers to make forecasts, it is first
necessary to develop what is called a numerical weather prediction model. Schematically,
a prediction model for the range of up to
eight or ten days describes the state of the
atmosphere by the values taken by meteorological parameters (wind speed, temperature, moisture, pressure, clouds, etc) at the
centres of « boxes » which partition the volume of the atmosphere. These boxes have
sides about fifty kilometres long and height
between a few tens and a few hundreds of
metres. This imaginary partitioning of the
atmosphere into boxes is necessary because
it is impossible to specify the parameters at

Artist's impression of the boxes used for calculations in a weather or
climate prediction model. (Illustration L. Fairhead LMD/CNRS).

every point in the atmosphere (there are infinitely many of them!). In theory, the smaller
(and therefore the more numerous) the boxes
are, the more accurate the description of the
state of the atmosphere is, and the more accurate the forecasts will be. But the sides of the
boxes cannot in practice be made smaller than
about fifty kilometres. Below that, the power
of even the most powerful computers would
be insufficient. The forecast must be ready in
time, well within 24 hours!
Starting from the assumed state of the
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atmosphere at the beginning of the prediction period, the numerical model computes
the ensuing future evolution on the basis of
the laws of physics and dynamics. The computation is performed stepwise, with timesteps
of a few minutes. That is the principle that lies
behind numerical weather prediction, a principle that had been known since the beginning of the 20th century, but had to wait until
the advent of the first electronic computers
in the 1940's and 1950's before it could be
practically implemented.

Meteorological measurements
cannot be used directly
The first problem that arises in the ideal
forecasting scheme that has been just
described is the definition of the``initial state
of the atmosphere”. Actual observations are
not well-suited for that purpose. Surface
weather stations are irregularly distributed
over the globe and provide very few measurements in altitude. As for satellites, most of
them sweep the Earth continuously, so their
measurements are not obtained at the same
time at all points. Moreover, satellites measure quantities that are integrals over the depth
of the atmosphere (in general they measure
the radiative energy flux over a given wavelength range) and not the meteorological
parameters (wind, temperature, moisture, etc.)
that enter the equations of the model.
One therefore has to deal with a heterogeneous mass of data, irregularly distributed
over the surface of the Earth, spread out over
24 hours, from which to ``initialise” a forecast,
i.e., to construct the starting point of the prediction. However, thanks to the theory of
dynamical optimisation, a field to which the
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Russian mathematician Lev Pontryagin (19081988) and the French mathematical school
have contributed much, methods known as
``variational assimilation” could be developed
in the 1980’s, which made possible an optimal
reconstruction of the initial state of the atmosphere. The basic idea underlying these methods, which have been used operationally by
Météo-France since 2000, is to force the trajectory of the numerical model to pass ``close”
to the data observed during the previous 24
hours. But variational assimilation is not the
only modern mathematical technique that has
contributed to deeply influence processing of
observations: the use of neuromimetic networks or of wavelets, invented less than twenty
years ago, has led to spectacular gains in efficiency, accuracy and speed in processing data
provided by satellites.

Numerical analysis
enters the picture...
Once the required initial state of the
atmosphere is known, it is necessary to develop
the computer programs which will calculate,
on the basis of the physical laws, the weather
to come. The physical laws are built on a continuous description of space and time. But our
numerical model handles only a finite, albeit
large, number of boxes; similarly, there is a
time interval of several minutes between two
successive computed states - one says that the
problem has been ``discretised”. Transforming
continuous physical laws into a discretised formulation, while preserving as much accuracy
as possible, that is the object of numerical
analysis, a branch of mathematics which has
witnessed a real explosion since the advent of
electronic computing. The aim of numerical
analysis is to solve equations to the very end,
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atmospheric state, however
small, is quickly amplified
over time, so quickly that a
forecast beyond ten days is
completely
unreliable.
Nevertheless, that does not
mean that one cannot predict climate - i.e., make a statistical instead of a deterministic forecast, in order to
determine the average precipitation or temperature
over a period of time, rather
than the precise weather in
Ozone plume over the Paris area at an altitude of 300 m on August 7, 1998, at 4 PM.
Brittany
on a particular day
Colour coded, concentrations as simulated by the CHIMERE numerical model of LMD/IPSL;
in July. The stakes are high:
the measurements taken by an airplane are shown in the small boxes(Illustration MERLIN
of Météo-France).
our climate is threatened by
gas emissions due to human
i.e., to the determination of numerical values,
activities and it is necessary to predict the
while saving as much time and effort as pos- long-term effect of the resulting perturbasible. Numerical analysis is necessary for the tions. It is the theory of dynamical systems
simulation not to be a mere simulacrum, and which provides the tools for climate modelfor evaluating the uncertainty of the fore- ling.
casts. For example, significant progress has
been made recently regarding methods for
This theory, of which the mathematician
simulating the transport of chemical species Henri Poincaré was a great precursor at the
or particles by atmospheric turbulence. This beginning of the 20th century, has underhas led to significant improvement in the study gone significant progress in the last twenty
and prediction of air pollution.
years. It makes it possible, for example, to
identify what mathematicians call attractors,
and meteorologists weather regimes. It also
Can weather be predicted far in
makes it possible to determine which weather
advance? The theory of dynamical
regimes are most predictable and which are
systems says `no'
most unstable. In the case of instability, an
appropriate tool would be probabilistic cliWe have talked of short-term weather mate modelling, which explicitly takes into
forecast, up to eight or ten days. But why
account the randomness of the forecast.
does one not make long-term forecasts? The Probabilistic climate models, which are still
American meteorologist Edward N. Lorenz, little developed, must be based on the new
in a famous article in 1963, showed that it is tools of the theory of stochastic partial difprobably hopeless to try. The atmosphere is ferential equations and of statistics.
a chaotic system, i.e., any error in the initial
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From weather prediction to climate
prediction
Climate prediction models closely resemble weather prediction models, with two fundamental differences. They use larger ``boxes”
(with sides of 200 to 300 km); as the time over
which the simulation is to be performed varies
from a few months to hundreds, or even thousands, of years, the numerical cost a higher
resolution would be prohibitive. But the most
significant difference comes from the fact
that, as climate variations occur over long
periods of time, it is no longer possible to neglect the interactions between the atmosphere,
oceans, ice, and even the biosphere. That is
why a climate model must combine a model
of the atmosphere, a model of the oceans, a
sea-ice model, and a model of the biosphere.
Beyond the computational complexity of such
a system, delicate mathematical problems
arise in the combination of these different
models, and in the specification of the conditions at the various interfaces between
atmosphere and ocean, ocean and ice, etc.
Also, for the calculations performed on ``large
boxes” to remain meaningful, it is necessary
to evaluate the statistical effect, at the scale
of those boxes, of phenomena which occur
on a much smaller scale (for example, what
is the statistical effect, on the energy budget
of a 300 km-wide box, of small cumulus clouds,
with a size of a few km in diameter, that
develop within the box?). In all these questions, there is scope for numerous future
mathematical developments.
Claude Basdevant
Laboratoire de météorologie dynamique,
École normale supérieure, Paris et
Laboratoire Analyse, géométrie et applications,
Université Paris-Nord.

A few references:
• Numerous references on “Numerical Weather
Prediction” can be found on the net.
• La Météorologie, issue no 30, special issue on
numerical weather prediction (2000).
• R. Temam et S. Wang, « Mathematical Problems
in Meteorology and Oceanography », Bull. Amer.
Meteor. Soc., 81, pp. 319-321 (2000).

What lies
behind mobile phones
Daniel Krob

The mobile telephone is now a relatively common object.
Who hasn't ever seen or used one ? But few have given
a thought to the science and technology behind it.

m

obile phones are now commonly used
in many countries. But not so long ago the situation was quite different. In 1985, there were
a great number of wireless telephone systems,
which were conceived, developed and marketed by large national operators, but which
were mutually incompatible. Being different
in their design features, it was not possible to
communicate from one network to another.
To make them compatible, it was necessary to
agree on a whole set of technical specifications, i.e. on a common standard. This process
began in the following five years, when the
GSM (Global System for Mobile communications) standard emerged in Europe, on the initiative of France Télécom and Deutsche
Telekom, the French and the German telephone operators at the time. The first commercial systems based on this standard came
into existence at the beginning of the 1990’s.
But it was only towards the middle, actually
closer to the end, of that decade that the GSM
emerged as the only real international standard for mobile telephony. The current development of mobile networks of the third gen-

An X-ray of a mobile phone. The electronics of this instrument looks
complicated, but it does not hint at the amount of mathematical
work which was necessary to develop mobile telephone communication. (Photo Stock Image)
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eration is, in fact, a testimony to the importance of GSM, insofar as the new third generation standard, the UMTS (Universal Mobile
Telecommunications System), is a natural
extension of the GSM standard.

The GSM Standard is of great scientific and technological complexity
The user is hardly ever aware that behind
the mobile networks there is a great scientific
and technological complexity. For example,
the GSM standard represents more than 5000
pages of technical specifications, difficult to
read even for a specialist! And the GSM standard is far from being fixed: an enormous
effort in research and development is being
made, both by the large radiotelephonic engineering firms and by university laboratories,
to continuously improve the quality and the
effectiveness of mobile networks. The GSM

standard is based on a whole set of elaborate
techniques coming from traditional telecommunications engineering, from computer science, from mathematics and from signal processing. In particular, mathematics and
computer science play a fundamental role in
the design and the correct operation of the
internal mechanisms of mobile networks.
Mathematics provides the theoretical underpinnings for almost all the basic steps involved
in the transmission of a telephone call originating from a mobile phone. Computer science allows the transformation of these basic
results into efficient and effective protocols,
which can be implemented in a mobile radio
network.

A relay antenna for GSM mobile telephone communication on a farm in the countryside. (Photo REA)

What lies behind mobile phones
Algorithms to digitize information,
to chop it up into packets,
to encrypt it, etc.
To illustrate the impact of these two disciplines in mobile telephone communication,
let us take a closer look at the way in which
a telephone call is handled after a user calls
a number from his handset. First of all, the
data transmitted within a mobile network is
entirely digital: it consist of ``packets”, i.e.,
sequences of 0 and 1 of fixed length, emitted
every quarter of a second, which contain all
the information (speech, identification of the
mobile, quality of reception as measured by
the mobile, etc.) about a given telephone call.
In addition to keeping track of the whereabouts of the users, the great difference
between mobile and traditional fixed-line telephone communication lies of course in the
fact that the packets of digital information
are transmitted by Hertzian waves and not by
cable; this required the development of a
whole host of specific algorithmic and mathematical techniques. These involve distributed
algorithms, combinatorial optimization, digital signal processing, algorithmic geometry
and error-correcting codes, to name only some
fields.
The information packets are not transmitted as they are. To ensure the confidentiality of communications, each packet is
encrypted using a cryptographic protocol specified by the standard and using secret keys
specific to each operator (and it is known that
cryptographic methods often rest on very elaborate algebraic or geometric techniques and
concepts). Hertzian transmission also requires
a preliminary processing of each information
packet. In fact, the Hertzian channel is subject to several types of noise, which affect the
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signals emitted by a mobile. For example,
absorption and reflection of Hertzian waves
by buildings leads to an attenuation and a
dephasing of the signal emitted by a mobile.
In the same way, each signal generates many
echoes, which should also be taken into
account. Consequently, a part of each packet
of information is especially designed to recover
the original signal from within the sea of
echoes in which it is immersed. These problems have, of course, been studied for a long
time, both at the theoretical, as well as the
practical level. Nevertheless, it was necessary
to develop and to adapt a significant part of
the mathematical apparatus classically used
in these contexts to meet the engineering constraints specific to mobile networks.

Using graph theory
to allocate frequencies
The contribution of computer science and
mathematics is not limited to processing digital information as outlined (very briefly) by
us. Algorithmic techniques in particular are
essential in effectively managing the radio
frequencies available to each operator. The
authorities rent out, at a rather expensive rate,
frequency bands which each operator can use;
however, only a small number, about 300, of
the frequencies within this band can really be
used. Two calls made at the same time from
two different mobiles, which happen to be
geographically close, cannot be transmitted
at frequencies close to each other without
interferences which affect the quality of the
transmissions. So it is necessary to know how
to distribute, in an optimal way, the available
frequencies among the users who far outnumber the available frequencies. A human
being is incapable of precisely solving this type
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of problem in a reasonable amount of time.
Algorithmic methods based on mathematical
models such as graph theory were instrumental
in designing the software, which makes it possible to solve these problems of frequency allocation in an approximate way. All these problems are very important from an industrial
point of view, and are still the object of very
active research.

Daniel Krob
Directeur de recherches au CNRS
(LIX, École Polytechnique)
Responsable de la chaire
Ingenierie des systèmes complexes

Some references:
• D. Krob et E.A. Vassilieva, « Performance evaluation of demodulation methods : a combinatorial approach », Proceedings of DM-CCG,
Discrete Mathematics and Theoretical Computer
Science, pp. 203-214 (2001) (disponible en
ligne : http://dmtcs.loria.fr).
• X. Lagrange, P. Godlewski, S. Tabbane, Réseaux
GSM-DCS (Hermès, 1997).
• J. G. Proakis, Digital communications (McGrawHill, 3e édition, 1995).
• C. Servin, Télécoms : de la transmission à l’architecture de réseaux (Masson, 1998).

Encrypting and
decrypting: secure
communications
Jean-Louis Nicolas

The modern world, where telecommunications occupy
a central place, cryptography has a major stake.
It has also became a complex science, which cannot do
without high-level mathematicians.

i

n March 2000, a headline made it to the front
pages: ``Credit Card
Security Compromised”.
What had happened? In
France, the secrecy of
credit card transactions
was protected since 1985
by using a method of
encryption involving a
large number N consisting
of 97 digits. This number
N is the product of two
large prime numbers, i.e.,
of numbers which, like 7
or 19, are divisible only by
1 and by themselves. The Paying with a credit card or purchasing on the Internet: cryptographic methods involving beautiful mathematics are essential for the security of these operations. (Photograph: Getty Images.)
secrecy of a credit card
transaction consists precisely in this pair of prime numbers; to calcu- which can now be factored in a reasonable
late them starting from N was practically amount of time has crossed a hundred digits
impossible in the 1980’s. But with increasing in the final years of the last century (the curcomputational power and improved mathe- rent record of 158 digits dates from January
matical methods, the size of the numbers N 2002).
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An astute computer scientist, Serge Humpich,
was able to find the two ultra-secret prime
factors, whose product is N, and had used them
to fabricate counterfeit credit cards. In
response, to guarantee the security of our little plastic rectangles, those charged with issuing credit cards came up with a new number
N, which was considerably bigger.

Modern cryptography,
at the crossroads of mathematics
and computer science
This adventure illustrates the considerable
importance that the science of encryption, i.e.,
of coding messages in order to make them
illegible by indiscreet people, has acquired
today. Encrypting and deciphering secret messages is an activity which is several centuries,
even thousands of years, old. This activity has
now largely surpassed its diplomatic or military applications to enter into whole new areas
of civil communications: authentification
schemes, banking transactions, electronic commerce, protection of websites and computer
files, etc.
Cryptography has undergone major
advances in the last few decades. It has therefore became a complex science, where progress
is generally made by specialists who have
received advanced training in mathematics
and in computer science. This specialisation
emerged during the Second World War. We
now know that the Allies' ability to decipher
messages coded by the famous German
Enigma machines played a decisive role during the war.
Moreover, it was the eminent British mathematician, Alan Turing, one of the fathers of
theoretical computer science, who made an
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essential contribution to deciphering those
messages.
In the 1970’s, cryptography underwent a
small revolution: the invention of ``public-key”
cryptography in the form of the RSA method.
What is it all about? Up until then, those who
wanted to exchange secret messages had to
have a secret key in common, and there was
a great risk of the enemy intercepting this key.
The RSA protocol, named after its three inventors (Ronald Rivest, Adi Shamir and Leonard
Adleman), overcame this difficulty. The method
uses two keys: a public key - known to all - for
encrypting, and a key for decrypting, which
remains secret. It is based on the principle (used
later to protect credit card transactions, as we
have seen above) that it is possible to construct some very large prime numbers (of a
hundred, even a thousand digits or more), but
that it is extremely difficult to find the prime
factors p and q of a large number N = p x q
when one knows only the product N. Roughly
speaking, the knowledge of N amounts to
knowing the public key to be used for encryption, whereas the knowledge of p and q
amounts to knowing the secret key to be used
for decrypting.
Obviously, if someone finds a method for
quickly factoring large numbers into their
prime factors, the RSA protocol would become
useless. But it is also possible that mathematicians will one day prove that such a
method does not exist, which would reinforce
the safety of the RSA protocol. These are fundamental research problems.
Methods like the RSA protocol, which use
advanced number theory, teach us an important lesson: mathematical research (research
on prime numbers, in particular) which may
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seem to be completely unrelated to practical
matters, may turn out to be crucial for some
application many years, or decades later, in a
completely unpredictable way. In his book A
mathematician's apology, the great British
analyst G. H. Hardy (1877-1947), who was a
fervent pacifist, took immense pride in working in number theory, an absolutely pure field,
and at never having done anything which
could be considered ``useful”. It was perhaps
``useless” at the time. That is no longer the
case today.

Elliptic curves: algebraic geometry
at the service of secret
agents
And it is not only number theory. Other
fields of mathematics, which were once
thought to have no applications, contribute
to the science of encryption. In the last few
years promising cryptographic methods based
on principles close to those of the RSA protocol have appeared - for example, the
method called discrete logarithm. This in turn
led to methods which are based on properties of elliptic curves. These are not curves having the shape of an ellipse, but curves whose
study began in the 19th century to solve the
difficult problem of calculating the perimeter of an ellipse. The coordinates (x, y) of points
on these curves satisfy an equation of the type
y2 = x3 + ax + b, and they have interesting properties studied in algebraic geometry, a vast
field of contemporary mathematics. For example, using a suitable geometrical construction,
it is possible to define a law of addition on
the points of an elliptic curve. More generally, geometrical objects like elliptic curves
have many arithmetic properties - which one
continues to explore - that are likely to be use-

Graph of the elliptic curve given by the equation y2 = x3 + 1. Elliptic
curves have a remarkable property: one can “add” their points according to the procedure represented in the drawing. The “addition” thus
defined satisfies the usual arithmetic laws, such as (P1+P2) + P3=P1
+ (P2+P3). Certain methods of modern cryptography make use of elliptic curves and their algebraic properties.

ful in cryptography. This was how a cryptographic method called elliptic curve discrete
logarithm was developed.
Recently, another direction has been discovered. At the International Congress of
Mathematicians held in Berlin in 1998, Peter
Shor, of the AT & T Labs, obtained the
Nevanlinna Prize for his work on quantum
cryptography. What does this term mean?
Some years ago, physicists and mathematicians theorised that it would one day be possible to make a quantum computer, i.e., one
which would exploit the bizarre laws of quantum physics to function, laws which govern
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the world of the infinitesimally small. It was
proved that such a computer, if it could be
built, would be able to factor large numbers
very quickly and would thus make the RSA
method ineffective. In fact, research pertaining to the concrete realisation of a quantum
computer was published very recently, in the
British journal Nature (cf. the last reference
below). On the an other hand, scientist have
worked out quantum cryptography protocols,
i.e., methods of encryption using objects (photons, atoms...) obeying the laws of quantum
physics. These quantum protocols could guarantee absolute security. All these approaches
are being studied and may be put in practice
in a few years...

Jean-Louis Nicolas
Institut Girard Desargues, Mathématiques,
Université Claude-Bernard (Lyon 1)
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History of Secret Communication from Ancient
Time to the Internet (1996, Revised edition).
• S. Singh, The Secret History of Codes and Code
Breaking (Fourth Estate; New Ed edition 2000).
• P. Ribenboim, The New Book of Prime Number
Records, (3rd edition, Springer, 1991).
• D. Stinson, Cryptography, Theory and Practice
(3rd edition, 2005, CRC Press Inc).
• L. M. K. Vandersypen et al., « Experimental realization of Shor’s quantum factoring algorithm using
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Managing complexity
Pierre Perrier

Whether it concerns manoeuvring a plane, or the mechanical resistance
of a complicated structure, or managing automobile traffic,
progress in all these areas doesn't come from purely
technological inventions alone. It also involves abstract research,
like the mathematical theory of control.

i

t is easy to understand the importance of
Let us look at the example about managknowing how to control the reaction of a ing the distribution in an electric network in
plane or a rocket to atmospheric turbulences, the event of a breakdown. An accident such
the steps to follow in the case of an accident
as a short circuit or a disconnection(caused for
in a nuclear power
plant, to manage the
distribution in an
electric network in
case of a breakdown,
etc. Under normal circumstances the purpose of controlling
things is to optimise
something, or improving the performance,
or economise in materials or expense: such
is the case when one
wants to maintain a
satellite in its proper
orbit while using the The Vasco de Gama bridge on the Tage in Lisbon. The resistance of a complex structure such as a bridge
can be controlled in an active way by placing, in some well-selected places, devices which modify its mechanminimum amount of ical characteristics in response to the movements of the structure, in order to counteract the effects of resonance. The mathematical theory of control deals with such situations. (Photo Gamma/Gilles Bassignac)
fuel.
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example by a fallen electricity pole), or overconsumption of energy in a given place, can
have a cascade effect on the network.
However, it is generally impossible to make
an exhaustive study of all possible accidents,
or to calculate exactly each step in the propagation of the effects of each possible accident. The number of possibilities is enormous,
in any case much too large for even the most
powerful computers.
One must instead design a simplified mathematical model describing the network and
its operation. With the help of tests and calculations of reasonable size, such a model
makes it possible to determine, at least roughly,
the behaviour of the system. In return, that
can help to improve the design of the network. But one would also like to control a critical situation caused, for example, by an overload localised in one place, or spread out over
a whole area. In other words, one would like
to know which sequence of actions the command unit must carry out in order to minimise
the consequences of the breakdown. Is it, in
principle, possible to obtain such knowledge?
Do there exist optimal strategies of control?
If so, which ones? And finally, which algorithms
can be employed to check them by numerical
simulation on a computer, before trying them
out in real life?
It is important to study this problem in a
framework of resource management if one
doesn't want to waste energy, or be the victim of power everywhere. This is our first example of a complex control problem where mathematicians - with help from mathematical
logic, the theory of the numbers, probability
theory, analysis and control theory - make their
contribution. At the very least, they can provide some certainty about the existence of an
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acceptable solution and the means of obtaining it - a solution that will have to be later validated by experiment.

Preventing bridges from collapsing
Complexity does not lie in networks alone.
It can reside in the way in which an object, like
a bridge, reacts. The behaviour of such a structure depends on a great number of parameters, for example, its response to vibrations,
among other things. As we all know, the vibrations of a bridge can be caused by the passage
of a row of trucks, or by the wind during a
storm. Sometimes, this phenomenon gets
amplified to the extent of breaking the bridge.
A bridge, like any other mechanical structure,
has a series of characteristic vibrational frequencies; if the external disturbance feeds
energy to these characteristic vibrational frequencies, a phenomenon called resonance
occurs and the bridge accumulates energy in
its characteristic modes of vibration. Thus these
vibrations get amplified as long as the external disturbance lasts, or as long as the structure can resist the resulting mechanical stress.
To control such phenomena it is necessary
to understand them, to know how to predict
them and to set up technical devices capable of
thwarting these dangerous resonances. It is
called passive control when one calculates the
points where it is necessary to install shock
absorbers, which will absorb enough energy
before it accumulated in critical places. But it is
called active control if, once these critical points
are located, one installs, in some well-chosen
places, an active device, an actuator, which acts
according to the amplitude of displacement of
the critical points, in order to prevent the structure from evolving in any dangerous direction.

Managing complexity
It is the mathematical analysis of the system in
question which determines the appropriate sites
for the sensors and the actuators, and the most
suitable control procedures.
Unfortunately, in general it is impossible to
calculate exactly the behaviour of a system in
the absence of control, or its sensitivity and ability to be controlled. Normally the reason is either
the mathematical complexity of the problem if
it is nonlinear (the impossibility of breaking it
up into a sum of simple elements, which can be
considered almost independent from the mathematical point of view), or that it would take
too long to make the computation on any
machine. Consequently, control is often imperfect. It may happen, for example, that we succeed in controlling some vibrational mode only
temporarily - initially the external energy gets
accumulated in a number of low-amplitude
vibrational modes, before combining with itself
to re-appear in a smaller number of high-amplitute modes. Much remains to be done to better understand these processes and remedy their
negative effects

Withstanding turbulences
Let us look at a third example: fluid flowing at high speed, like the air flowing around
an airplane or a rocket at takeoff, or water
around a fast boat. In these situations one is
confronted with turbulence, i.e., with complex and unstable movements of the fluid,
with a perpetual destruction and rebuilding
of structures so complicated that they appear
to be completely random or disorderly.
Turbulences can considerably obstruct the
movement of a vehicle in the sky, in water, or
on the ground. Obviously, control is much
more difficult to achieve here. But these prob-
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lems have a great practical significance.
Engineers have tried, by trial-and-error, and
by being inspired, for example, by the flight
of birds, to design planes so as to ensure a certain controllability of the flow. They have partially succeeded in this by reinforcing the surface of the wings at the leading and the
trailing edges, by placing sensors in places
which are less affected by the disturbance,
and actuators - guiding surfaces - at the critical locations, close to the trailing edges.
The mathematical theory of control initially helped to find these empirical results
and then to propose action strategies or design

The top image shows a relatively regular flow of supersonic fluid. In
the bottom image, the action of a small jet of fluid injected laterally
has the effect of leading to instabilities in the flow. Such an experiment
illustrates the idea that one can modify a flow using small devices, in
particular with a view to controlling it. (Photo Erwan CollinLEA/CEAT-University of Poitiers).

plans which reinforce or decrease, according
to what is desired, the sensitivity to actions of
the human operator or the external disturbances. Now we are at a stage where we can
identify elementary active control devices,
which would act on an almost microscopic
scale, like that of a layer of fluid of some tenth
of a millimetre in thickness: for example, at
the level of small shutters or micromechanisms
allowing one to locally deform the profile of
the vehicle at the critical points of fluid flow.
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By coordinating the actions of a large number of micro-devices of this kind, one obtains,
on the macroscopic scale, a fluid flow having
the desired properties. In the field of controlling the turbulence of fluids, mathematical research together with physical and technical tests will open a world of performance
unimaginable a few years ago; a world where,
in order to achieve the same effect, the energy
or the size of the necessary devices will have
decreased by more than an order of magnitude.

Control theory brings into play various mathematical fields, in particular
the theory of the differential equations
The problems of control, which we have
described here, may deal as much with the
ordinary windscreen wiper of a car as with the
most elaborate rocket launcher. The theory of
control, born in the 1940’s and 1950’s mainly
in relation to aerospace activities, draws its
methods and its concepts from several branches
of mathematics. Mainly it concerns differential equations (where the unknown is a function) and partial differential equations (differential equations where the unknown
function is a function of several variables), an
old and vast field of study, which is nevertheless still very active. Indeed, the behaviour of
the majority of systems that we come across
in the real world can be modelled using such
an equation. A problem of control gets translated into one or more differential equations,
or partial differential equations, which contain terms representing control actions prescribed by the designers. Let us denote these
terms of control by C and by f, the function
representing the behaviour of the system; f is
the solution of differential equations in which
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C appears, and therefore f depends on C. The
goal of the theory of control is then, roughly
speaking, to determine the appropriate C such
that f, the behaviour of the system, is acceptable. For the mathematician, it is not so much
a question of doing it for such and such particular equations, but rather to obtain general
results which are valid for many classes of equations and thus applicable to many different
situations.
In France, the theory of control occupies
a place of honour in the brilliant school of
applied mathematics created by Jacques-Louis
Lions (1928-2001). But a good school of mathematics does not suffice in itself. It is also necessary that its results are known and applied
by all those who need them. Therein lies the
importance of reinforcing the links between
the mathematical community and engineers,
chemists, or biologists.
Pierre Perrier
Académie des sciences and
Académie des technologies, Paris.

Some references:
• J. R. Leigh, Control theory. A guided tour (Peter
Peregrimus, Londres, 1992).
• J. Zabczyk, Mathematical control theory: an introduction (Birkhaüser, 1992).
• J.-L. Lions, Contrôlabilité exacte, perturbations et
stabilisation de systèmes distribués (Masson, 1988).

The bellows theorem
Étienne Ghys

A ruler, a pencil, cardboard, scissors and glue:
one doesn't need more to give a mathematician pleasure,
and present interesting problems whose study often turns out
to be useful in other areas, in totally unexpected ways.

l

et us build a cardboard pyramid... One
starts by cutting out
the design SABCDE in
a sheet of cardboard
as indicated in figure
1, then one folds
along the dotted
lines and, finally, one
glues the sides AS
and ES.

Figure 1. The construction of a pyramid from a piece of cardboard. If the base ABCDA is removed, the
object is flexible.

The result is a kind
of cone whose vertex is the point and whose
base is the quadrilateral ABCD. This object is
flexible. If held in the hand, the quadrilateral
ABCD can be deformed and opened or closed
a little: the construction is not very solid. To
complete the pyramid we need to cut out a
square from the cardboard and to stick it onto
the quadrilateral to form the base. After this
operation the pyramid is sturdy and rigid. If
one puts it on a table it does not collapse. If
one takes it in hand and tries to deform it

(softly!), one is unable to do it without deforming the cardboard face.
In the same way, a cardboard cube is rigid,
as everyone must have observed at one time.
What about a more general polyhedron, having perhaps thousands of faces? Is the Géode,
a dome at La Villette in Paris, rigid? This last
question suggests that the subject of rigidity
or flexibility is perhaps not only a theoretical
one!
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A problem going back to Antiquity,
but which is still relevant
The problem of rigidity of these types of
objects is very old. Euclid probably was aware
of it. The great French mathematician AdrienMarie Legendre became interested in it
towards the end of the 18 th century and
talked to his colleague Joseph-Louis Lagrange
about it, who in turn suggested it to the
young Augustin-Louis Cauchy in 1813. It was
to be the first major result of baron A.-L.
Cauchy, who went on to become one of the
greatest mathematicians of his century
Cauchy was interested in convex polyhedra, i.e., polyhedra which do not have any
inward-pointing edges. For example, the
pyramid that we built or the surface of a
football are convex, while the object drawn

Figure 2. A convex polyhedron and a star-shaped, non-convex, polyhedron.

on the right of figure 2 is not.
The theorem established by Cauchy is the
following: any convex polyhedron is rigid.
That means that if one builds a convex polyhedron with indeformable polygons (made
of metal, for example) adjusted by hinges
along their edges, the overall geometry of
the object prevents the play of joints. The
cone that we built is flexible, but that does
not contradict the theorem: a face is missing, and it is the last face which makes the
pyramid rigid...
Doing mathematics means proving what
one claims! It so happens that Cauchy's proof
is superb (even if it was pointed out later that
it is incomplete). There is unfortunately no question of giving an idea of this proof in this short
article, but I would like to extract from it a
``lemma”, i.e., a step in the proof.
Let us place on the ground a chain made
up of some metal bars joined at the ends, as in
figure 3. At each angle of this polygonal line,
let us move the two bars in order to decrease
the corresponding angle. Then the two ends
of the chain come closer. Does that seem obvious to you? Try to prove it...

Augustin-Louis Cauchy (1789-1857), one of the great mathematicians of his time. (Photo Archives de l'École polytechnique)

For a long time many mathematicians wondered whether nonconvex polyhedra were also
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rigid. Can one find a proof of
the rigidity which would not
use the assumption of convexity? Mathematicians like
statements in which all the
assumptions are necessary to
obtain the conclusion. One
had to wait more than 160
years to know the answer in
this particular case.
In 1977, the Canadian
mathematician Robert
Connelly created something The “géode de la Vilette” in the Cité Des Sciences in Paris, is a convex polyhedron of 1730 trisurprising. He built a (quite angular faces. The rigidity of this structure of joined polyhedra gives rise to an interesting mathematical problem which was solved only in 1997. (Photo Cosmos/R. Bergerot)
complicated) polyhedron,
which is flexible, and, of course, nonconvex Does the volume of a polyhedron
not to contradict Cauchy! Since then the con- change when it is deformed?
struction has been somewhat simplified, in
At the time, mathematicians were
particular by Klaus Steffen. In figure 4, I have
given a design which will allow the reader to enchanted by this new object. A metal model
build the ``flexidron” of Steffen. Cut it out was built and put in the tea room of the
and fold along the lines. The solid lines rep- Institut des Hautes Études Scientifiques, at
resent edges pointing outward, and the bro- Bures-sur-Yvette, near Paris, and one could
have fun making this thing move; to tell the
ken lines correspond to edges pointing inward.
Stick the free edges in the obvious way. You truth, it was not very pretty, and squeaked a
will obtain some kind of creature and you will little. The story goes that Dennis Sullivan had
the idea of blowing some cigarette smoke
see that it is indeed flexible (a little...).
into Connelly's flexidron and he noticed that
while the object moved, no smoke came out...
So he got the idea that when the flexidron is
deformed, its volume does not vary! Is this
anecdote true? Whether true or not, Connelly
and Sullivan conjectured that when a polyhedron is deformed, its volume remains constant. It is not difficult to check this property
in the particular case of the flexidron of
Connelly or for that of Steffen (through complicated and uninteresting calculations). But
the conjecture in question considers all polyFigure 3. If one decreases the angles which the segments form with
hedra, including those which have never been
each other, the ends of the chain of segments come closer.
built in practice! They called this question the
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``the bellows conjecture”: the bellows at the
corner of the fireplace eject air when they are
pressed; in other words, their volume decreases
(besides, that is what they are meant for). Of
course, true bellows do not provide an answer
to the problem of Connelly and Sullivan: they
are made of leather and their faces become
deformed constantly, in contrast to our polyhedra with rigid faces.
In 1997, Connelly and two other mathematicians, I Sabitov and A. Walz, finally succeeded in proving this conjecture. Their proof
is impressive, and once more illustrates the
interactions between different areas of mathematics. In this eminently geometrical question, the authors have used very refined methods of modern abstract algebra. It is not a proof
that Cauchy ``could have found”: the mathematical techniques of the time were insufficient. I would like to recall a formula which
one used to learn at secondary school at one
time. If the sides of a triangle are a, b and c
in length, one can easily calculate the area of
the triangle. For that, one calculates first the
semi-perimeter p=(a+b+c)/2 and then one
obtains the area by extracting the square root

Figure 4. The model for the flexidron of Steffen.

of p(p-a)(p-b)(p-c). This pretty formula bears
the name of the Greek mathematician Hero
and its origins are lost in antiquity. Can one
calculate, in a similar way, the volume of a polyhedron if the lengths of its edges are given?
Our three contemporary mathematicians have
shown that one can.
They start from a polyhedron built from
a certain design having a certain number of
triangles, and they call l1, l2, l3, etc. the lengths
of the sides of these triangles (possibly very
many). They then find that the volume V of
the polyhedron must satisfy an equation of
the nth degree, i.e. an equation of the form
a0 + a1V + a2V2+ ... + anVn = 0. The degree n
depends on the design used, and the coefficients (a0, a1, etc.) of the equation depend
explicitly on the lengths l1, l2, l3, etc. of the
sides. In other words, if the design and the
lengths of the sides are known, the equation
is known. If the reader remembers that an
equation has in general one solution if it is of
the first degree, two solutions if it is of the
second degree, he will be able to guess that
an equation of degree n cannot have more
that n solutions. Conclusion: if one knows the
design and the lengths, one does
not necessarily know the volume, but it is at least known that
this volume can take on only a
finite number of values. When
the flexidron is deformed, its volume cannot vary continuously
(otherwise the volume would
take on an infinity of successive
values); this volume is ``blocked”
and the bellows conjecture is
established...

The bellows theorem
Yes, the bellows problem is worthy of
interest!
Is this problem useful, interesting? What
is an interesting mathematical problem?
That's a difficult question, which, of course,
mathematicians have been contemplating for
a long time. Here are some partial answers,
some indicators of ``quality”. The history of
a problem is the first criterion: mathematicians are very sensitive to tradition, to problems stated a long time ago, on which mathematicians of several generations have
worked. A good problem must also be stated
simply, its solution must lead to surprising
developments, if possible connecting very different fields. From these points of view, the
problem of rigidity, which we have just discussed, is interesting.
The question as to whether a good problem must have useful practical applications is
more subtle. Mathematicians answer it in a
variety of different ways. Undoubtedly, ``practical” questions, arising for example from
physics, are very often used as a motivation
for mathematics. Sometimes it is a question
of solving a quite concrete problem, but the
relationship is often less direct: the mathematician uses the concrete question only as a
source of inspiration and the actual solution
of the initial problem is no longer the true
motivation. The problem of rigidity belongs
to this last category. The physical origin is
rather clear: the stability and the rigidity of
structures, for example metallic structures.
For the moment, Connelly‚s examples are of
no use to engineers. However, it is clear that
this kind of research will not fail, in an indeterminate future, to provide a better overall
understanding of the rigidity of vast structures made up of a large number of individ-
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ual elements (macromolecules, buildings, etc.).
It is thus a purely theoretical ``disinterested”
kind of research, but which has a good chance
one day of being useful ...

Étienne Ghys
École Normale Supérieure de Lyon,
CNRS-UMR 5669
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Finding
a cancer-causing gene
Bernard Prum

The development of modern biology, and of molecular genetics
in particular, requires new mathematical tools. Example of statistics
and its role in finding a gene related to breast cancer.

i

nnumerable diseases have a hereditary component: the risk for an individual of getting
the disease is higher if he is a carrier of a gene
for susceptibility to this disease. That is why
modern genetics seeks to understand the role
of various genes, and in particular their role
in the etiology of diseases, in the hope of one
day finding a cure. Let us take the example of
breast cancer, which, in France, affects approximately one woman in eight. Apart from various risk factors (food, tobacco, exposure to
radiation, etc.),a few years ago scientists identified a gene whose mutations are present in
a high percentage of women who get this cancer. This gene was baptised BRCA1 (for breast
cancer 1). Such a biomedical result could be
obtained only by a succession of statistical
analyses, which as we shall see made it possible to locate the gene with greater and greater
precision.
For a long time genetics was ignorant of
the physical nature of genes. It is only in the

In this false-colour mammography, a cancerous tumour is visible in
pink. A part of the research on breast cancer is devoted to its genetic
aspect. The theory of statistics plays an important role here. (Photo
Kings College School/SPL/Cosmos)

Finding a cancer-causing gene
last twenty years that one has
had access on a large scale to
sequences of DNA, the molecular chain which carries the
genetic information transmitted
from parent to child.
Nevertheless, ignorance of the
chemical composition of genes
by no means prevented precise
results on the heredity of certain
traits.
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Figure 1. A family in which one observes a concentration of breast cancer. The squares indicate men, circles women. Individuals are shown in black if they are affected, crossed out if
they are deceased. Note that the grandmother, one of her daughters and three of her granddaughters had cancer. Of course, the disease can still show itself among other members of
the family. It is based upon such pedigrees that the geneticists were led to believe that there
is a gene for susceptibility to the disease.

The first question which
occurs vis-à-vis a disease such as
breast cancer is: ``is this a genetic disease, are
there genes which predispose the person to
this disease?” For cancer in general, the answer
was uncertain for a long time. One expects a
positive answer if one comes across families
with a higher incidence of the disease; if the
daughter or the sister of an affected woman
carries a greater risk than the risk incurred by
the population at large. The basic data about
such Œpedigrees, which have been available
to genetic statisticians for a long time, is represented in figure 1.
What does such a pedigree tell us? We
know, almost since Mendel, that a hereditary
feature is often determined by a ``gene”, which
can take several forms, called its alleles. Each
individual inherits an allele from the father and
an allele from the mother; one of these two
alleles is then randomly passed on to each offspring. When studying the transmission of a disease, the geneticist proposes a model in which
certain genes and alleles are incorporated. The
statistician must then test this model using suitable statistical tools, which will make it possible, for example, to eliminate the simplest
hypotheses, such as: ``the disease being studied
does not have any genetic component”.

In the case of diseases (such as breast cancer) with complex etiology, which are being
studied more and more, where environmental
factors come into play or where incidence
depends upon age, one has to refer to the statistics of processes. This is an elaborate branch
of mathematics, which is based mainly on the
results obtained by the French school of probabilities in the 1980’s (P. A. Meyer, J. Jacod) and
by the statisticians of the Scandinavian school.

Statistics help determine the chromosome carrying the gene
Once the existence of a gene for susceptibility to breast cancer is established by the
analysis of pedigrees, the second stage consists in locating it, at least roughly, on one of
the 23 human chromosomes. For this the technique of Œmarkers‚ has been available since
the 1980’s; these are small, well-defined chains
of DNA which one can ``read” without much
trouble, say by a fast chemical analysis. These
Œmarkers‚ kinds of beacons, which are relatively easy to locate, make it possible, for
example, to determine any resemblance
between areas of chromosomes under exam-
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ination in patients and their relatives. The
greater the similarity in the same area of chromosomes of related patients, the higher is the
probability that this area carries a gene
involved in the disease.
But such a statistical analysis is complicated
by the fact that parents do not transmit to
their children the chromosomes which they
had themselves inherited from their parents,
but rather a recombination of them (figure 2).
If we consider two genes, which are initially
located on the same chromosome, they may
well be found on two different chromosomes
after recombination; the further the genes in
question are located from each other, the
higher is the probability of this happening.
Analysing the rate of similarity along a chromosome is consequently studying a random
process. Thanks to the statistics of processes,
one can thus localise an interval in which a
gene of susceptibility is located. The use of
markers allowed the American team of Jeff
M. Hall, in Berkeley, to locate the gene BRCA1
on chromosome 17 in 1990.
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Reading DNA molecules to completely
describe the gene and its abnormal
forms
It is then a question of locating the gene
with precision and of determining its structure. It is known that DNA, the genetic material, is a long molecular chain ``written” in an
alphabet of 4 ``letters” (A, C, G and T, the initials of the four types of molecules which constitute the DNA chain). Genetic data banks
index several billion of such sequences (some
25 million letters are added every day...).
The precision of the method of markers, at
best, allows localisation of a gene in a DNA
sequence containing some 4 million letters. To
find out exactly which allele, or which mutation
is responsible, for example, for breast cancer, it is
necessary to ``read” these sequences in healthy
subjects and in patients and to compare them.
That amounts to finding a ``typographical error”
in a text of 4 million characters, say a book of 2000
pages, or rather in as many books of 2000 pages
as there are individuals to study. This is a difficult
task, even with powerful data-processing tools.
It so happens that in man, genes constitute no
more than 3% of the chromosomes. The
remainder of the chromosomal material
is called intergenic. If one manages to
limit the search for typographical errors
to genes alone, one can reduce the
sequence to be explored to about thirty
pages, which becomes accessible by any
computer.

Figure 2. In each pair of chromosomes of an individual, one chromosome is inherited from the father (in black) and the other is inherited from the mother (in white).
A parent transmits only one chromosome from each pair to each offspring. But
before being transmitted, the chromosomes of each pair can exchange some of their
parts at random. This process, known as recombination, means that a parent transmits a recombined chromosome to the offspring (one of the four possibilities shown
in the figure in which we assume that the chromosomes exchange two areas).

But how to distinguish genes from
the rest? It so happens that the ``style”
in which genes are written differs from
the intergenic style: the frequencies
of successions of letters are not the
same. One can seek to exploit this dif-

Finding a cancer-causing gene
ference in style to annotate the sequence and
to distinguish genes from the intergenic part.
It is a difficult challenge. One must make use
of statistical models called hidden Markov
chains developed in the 1980’s, in connection
in particular with problems of automatic
speech recognition; they had to be adapted
to genomics, at the same time as one developed algorithms capable both of characterising the various styles and of assigning a style
to each position on the chromosome.
It is in this way that the precise location
of BRCA1 was found. Nowadays, one can easily read it in each patient. This gene for susceptibility to breast cancer has 5 592 letters
and one knows more than 80 of its alleles.
But there remains a new challenge for the
statistician: to establish the relationship
between the various alleles and the prevalence of this cancer.
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tissues, under which experimental conditions
or... in which cancerous cells. Measurements
taken in the laboratory, under hundreds of
different conditions, provide the researcher
with a considerable amount of numerical data,
which characterise the expression of thousands of genes. To date, only statistical analysis can claim to deal with it and thereby determine the relationship between genes and
diseases.
Bernard Prum
Laboratoire Statistique et Génome
(UMR CNRS 8071),
La Génopole, Université d’Évry

Biology offers a new field of application for mathematics
Some references:
As the example of the gene BRCA1 suggests, biology will probably play with respect
to mathematics the role played by physics during a good part of the 20th century: to offer
a field of application for recent theoretical
tools and to spur the creation of new tools
(we mentioned statistical tools here, but we
could have mentioned other fields of mathematics like dynamical systems, optimisation,
even geometry - one knows that the spatial
configuration of molecules plays an essential
role in their function). Today, the statistician
faces a new challenge: one is currently capable of placing thousands of reagents on a glass
surface (``chip”) of one centimetre square and
of thus knowing which genes work on which
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Wavelets
for compressing images

Whether they are stored digitally in computer memories,
or they travel over the Internet, images take up a lot of space.
Fortunately, it is possible to ``condense''
them without changing the quality!

A

B

C

Figure 1. These three images illustrate the power of current compression methods. The original image (A) consists of 512 x 512 points, each of
which has a certain level of gray taken from a palette of 256 levels. Image (B) is the result of a compression by a factor 8, obtained by reducing the
levels of gray to 2 possible values only (black or white). Image (C) was obtained from (A) upon compressing by a factor 32 by using a wavelet basis.
The difference in quality from the initial image is hardly perceptible. (Illustration by the author)
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digital image can be compressed, just as
orange juice can be reduced to a few grams
of concentrated powder. This is not by sleight
of hand, but by mathematical and computer
science techniques making it possible to reduce
the amount of space occupied by an image in
computer memory, or in communication
cables. Nowadays, these techniques are essential for storing information, or for transmitting it by Internet, telephone, satellite or any
other means.

The compression of an image amounts to
representing it using a smaller number of
parameters, by eliminating redundancies. A
exaggerated example will help in understanding the basic principle: in the case of a
uniformly white image, it is unnecessary to
explicitly specify for each one of its points the
grey level at that point; that would take much
more space than to simply state: ``all the points
of the image are white''. The problem of representation is central in mathematics, and its

Wavelets for compressing images
applications go well beyond data compression. During the last ten years, considerable
progress has been made thanks to the development of the theory of wavelets. In the field
of image processing, this progress has led to
the adoption of the new standard of compression JPEG-2000. This is a meandering tale,
which well illustrates the role of mathematics in the modern scientific, or technological
landscape.

Thirty-two times less space thanks to
wavelets
Let us consider an image such as that of
Figure 1A. It consists of 512 x 512 points, whose
levels of grey can vary from 0 (black) to 255
(white). Each of the 256 possible levels of grey
can be represented by a byte, i.e., a binary number made up of 8 bits (a byte is thus simply a
succession of 8 bits 0 or 1, for example
11010001).
One thus needs 512 x 512 x 8 = 2097152
bits to encode a single image of this kind which is a lot! The first idea which comes to
mind to reduce the number of bits is to decrease
the number of levels of grey, for example, by
limiting oneself to white and black, as in Figure
1B. The two possible values of the level of grey
are encoded with only one bit (either 0 or 1),
and one has thus decreased the number of bits
by a factor of 8. Obviously, the quality of the
image has deteriorated quite a bit. Now look
at the image of Figure 1C.
It has been encoded with 32 times fewer
bits than the original image, by a method using
the theory of wavelets; the deterioration is
hardly perceptible! Why? Because instead of
reducing the precision, it is the manner of representing the information which was changed.
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It all started with the analysis of
Joseph Fourier...
As we have said, a digital image is defined
by 512 x 512 numbers which specify the light
intensity at each point. One can thus think of
this image as a point in a space of 512 x 512
dimensions - in the same way that a point on
a surface, a two dimensional space, can be
located by two co-ordinates - and to ask which
co-ordinate axes are best adapted for representing such a point. A system of axes (of a
more abstract nature here than the familiar
axes of elementary geometry) defines what
one calls a basis.
A first fundamental advance was made by
the mathematician-physicist Joseph Fourier in
1802, in his report to the the Académie des
Sciences on the propagation of heat, a subject
which is a priori unrelated to our problem.
Fourier showed, in particular, that to represent in a compact and convenient way the function f(x) (from a mathematical point of view,
such a function is a point in a space having
infinitely many dimensions) one can use ``axes''
made up of an infinite set of sinusoidal functions. More precisely: Fourier showed that one
can represent a function f(x) as a sum of infinitely many sine and cosine functions of the
form sin(ax) or cos(ax), each one carrying a certain coefficient.
These ``Fourier bases'' became an essential tool, frequently used in science, because
they can be used to represent many types of
functions, therefore many physical quantities.
In particular, they are also used to represent
sounds and images. And yet, engineers know
well that these sinusoids are far from being
ideal for signals as complex as images: they do
not efficiently represent transitory structures
such as contours of the image.
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...then came the wavelet transform
Specialists in signal processing were not
the only ones to become aware of the limitations of Fourier bases. In the 1970’s, a French
engineer-geophysicist, Jean Morlet, realised
that they were not the best mathematical tool
for underground exploration; this led to one
of the discoveries-in a laboratory of ElfAquitaine-of wavelet transform. This mathematical method, based on a set of basic functions different from the sinusoidal functions
used in Fourier's method, advantageously
replaces the Fourier transform in certain situations. In addition, already in the 1930’s, physicists had realised that the Fourier bases were
not well-adapted for analysing the states of
an atom. This spurred much work, which later
on contributed much to the theory of wavelets.
It was also in the 1930’s that mathematicians
started trying to improve the Fourier bases for
analysing localised singular structures, which
opened an important research program still
very much alive today.
In other words, a multitude of scientific
communities developed modifications of
Fourier bases with the means at their disposal.

In the 1980’s, Yves Meyer, a French mathematician, discovered the first orthogonal
wavelet bases (orthogonality is a property
which considerably simplifies reasoning and
calculations; Fourier bases are also orthogonal). This discovery, followed by some unexpected meetings around photocopiers or coffee tables, started a vast multi-disciplinary
scientific movement in France, which has had
a considerable impact internationally. The
applications of the theory and algorithms of
wavelets have made their way not only into
many scientific and technological disciplines,
but have also led to the creation of several
companies in the United States.

Mathematics of wavelets
has played a pivotal role
in a number of fields

Mathematics has played a fundamental
role here as a catalyst, and in the clarification
and deepening of ideas. By isolating the fundamental concepts from specific applications,
it allowed scientists from very diverse fields
of physics, such as signal processing, computer
science, etc. to realise that they
were working with the same tool.
Modern mathematical work on
Fourier analysis has now permitted
us to go further and to refine these
tools, and to control their performance. Finally, this theory provides a standard technique for scientific computation (the fast
wavelet transform), thanks to a collaboration between mathematicians and specialists in signal processing. The image of Figure 1C was
thus obtained thanks to the same
wavelet bases as those used in staFigure 2. The graph of a wavelet used in the compression of images.

Wavelets for compressing images
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tistics, seismology, or scientific computation,
with the same fast algorithm. And through
the international standard JPEG-2000 for the
compression of images, these wavelets have
currently invaded all fields of imaging, from
the Internet to digital cameras, and is moving towards satellites.

A bridge remains to be built between
the world of wavelets and the world
of geometry
Fourier bases were not well-adapted to
the analysis of transitory phenomena, whereas
wavelet bases are. Is this the end of the story?
No. In image processing, as in all other fields
where wavelets have became a basic tool,
everyone currently confronts the same type
of problem: how to exploit geometrical regularities. Indeed, we know that an image,
however complex, is remarkably well represented by a simple drawing made up of relatively few strokes, and one can often think of
the contours of the objects appearing in the
image as being made up of rather simple geometrical curves. Using profitably these curves
and their regularity should make it possible
to improve considerably the results obtained
up until now; but wavelet theory is not at
present capable of this. To build this bridge
with the world of geometry poses difficult
mathematical problems. However, the scientific and industrial stakes being high, one can
expect that it will be built in the coming ten
years. In France?
Stéphane Mallat
Département de mathématiques appliquées,
École polytechnique, Palaiseau
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(Academic Press, 1999).
• Y. Meyer, Wavelets and Operators
(Cambridge University Press, 1996).

Preventing waves
from making noise
Daniel Bouche

How to escape being detected by radar?
What is the optimal shape of a sound-proof wall?
Can one improve the quality of sonographic images?
To get a satisfactory answer, these questions require
a thorough theoretical analysis.

w

hat is a wave? Anyone who can give a
precise and unique answer to this question
would be quite clever! All the same, waves are
everywhere, and a great number of scientists
and engineers come across them on a daily
basis. In somewhat vague and intuitive terms,
one can say that a wave is the propagation of
a signal, of a perturbation, in a certain
medium, at an identifiable speed.
There is no lack of examples. There are, of
course, the wavelets, which one can create on
the surface of water by throwing a small stone
into it; here, it is a perturbation of the height
of water which is propagated. The distance
between two successive wavelets is the wavelength, a fundamental quantity in the description of wave phenomena. As far as sound
waves are concerned, they bring into play
variations of pressure and density of the
ambient medium (air, most often), these variations occurring at audible frequencies.
Acoustic waves are of a similar nature, and
include both sound waves and those which

the ear cannot perceive. When waves propagate in a solid, one talks about elastic waves,
such as the seismic waves which traverse the
interior of our planet and which are detected
by seismographs.
The case of electromagnetic waves is particularly important. These are variations of
electric and magnetic fields which propagate
in the vacuum at the speed of light. Visible
light, infrared rays, ultraviolet rays, X-rays,
gamma rays, microwaves, radio waves, radar
waves, all these phenomena are examples of
electromagnetic waves. What differentiates
them is their frequency, or their wavelength
(which varies from a fraction of a micrometre
for visible light, even less for ultraviolet rays,
gamma rays and X-rays, to a few centimetres,
or a few hundred meters for radar and radio
waves).
The study of wave behaviour not only
helps us to understand nature surrounding
us, but also helps us to master a number of
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technologies and, consequently, leads us to
new inventions. The behaviour of light waves
affects the whole gamut of optical instruments, be they photographic lenses, microscopes, telemetry devices, etc. One can well
imagine knows that radar waves have military applications, in the design of stealthy
military vehicles, i.e., those which escape
detection by radars as much as possible. As
for acoustic waves, one can cite the design
of concert halls having optimal acoustics, of
sound-absorbing materials or structures, of
active anti-noise devices (i.e. those which emit
sound waves opposite to those of the noise
in order to neutralise it), of machines for sonography or for destroying kidney stones, of
nondestructive testing devices (for detecting
defects in some part of an aeroplane, for
example), etc.
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Known equations, but difficult to
exactly solve accurately
The equations which govern the various
types of waves have been well-known for a
long time. Thus, those relating to electromagnetic waves were established by the Scottish
physicist James Clerk Maxwell more than a
century ago, around 1870. But it is not enough
to know the equations obeyed for example
by a radar wave to find out how this wave
propagates, or interacts with an obstacle such
as an aeroplane, or any another object which
we want to detect and locate, and gets partially reflected towards the radar antenna
which emitted it. For that, it would be indeed
necessary to solve these equations in which
the unknown is the undulatory field, i.e., the
amplitudes of the wave at each point of space
and at every moment. That is not at all easy.
We are dealing here with partial differential
equations (in which appear the unknown
amplitude of the wave and its derivatives with
respect to the space and time coordinates), which have to be supplemented by ``boundary conditions''. These
conditions give a mathematical description of essential data such as the
value of the undulatory field at the initial moment, the shape of the obstacle
and the way in which the wave behaves
on its surface (reflection, absorption,
etc), the way in which the amplitude
of the wave decreases at very great distances from the source and the obstacle.

The Petit duc is a drone (small radio-controlled aircraft) which is under development at Dassault Aviation. It is a furtive aircraft: its form and materials have
been chosen so that it is difficult for it to be detected by radar waves. The choice
has been made on the basis of complicated calculations based on wave propagation; in certain cases, the accuracy of such calculations leaves something to be
desired and is the subject of continued research (Photo Dassault Aviation).

The resolution of these kind of problems where the wave is diffracted
(deviated or modified) by objects is
complex; it requires mathematical
tools, some of which are simple and
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have been known for a long time, others are
much more sophisticated and are still being
developed. In fact, in a more general context,
partial differential equations constitute a very
important branch of mathematics, which has
been the subject of active research for more
than two hundred years. Once the equations
and their boundary conditions have been established, one of the first tasks of the mathematician consists in formulating the problem
in rigorous terms and showing that the equations have a solution, and that if such is the
case, the solution is unique (otherwise, it would
mean that the problem is badly defined, that
the model is incomplete). Such a study can be
difficult, and one cannot always carry it
through; but it allows us to ensure that calculations leading to a solution will not be in
vain!
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medium is often unlimited: the wave can go
all the way to infinity. However, in order to
retain the uniqueness of the solution, it is
necessary to impose a condition known as the
radiation condition, which specifies how the
amplitude of the wave decays as it moves away.
This condition is not simple to implement
numerically. One of the proposed solutions
consists in transforming the original partial
differential equation into an integral equation (an equation in which the unknown functions appear in integrals); the advantage of
this formulation is that it automatically satisfies the radiation condition.

Mathematical analysis makes a rigorous formulation of the problem possible and allows the development of
effective methods for its solution
The question narrows boils down to proposing effective and accurate methods to solve
the resulting problem with sufficient precision. Except for very simple cases, a so-called
analytical solution, where one obtains an exact
and general result expressed by a compact formula, it is out of reach. Scientists and engineers have to be satisfied with a numerical
solution, carried out on a computer because
the necessary calculations are unwieldy, which
gives the result in the form of numerical values
(numbers), valid with a certain approximation.
Significant difficulties appear here too.
Thus, in problems bringing into play diffraction of waves by objects, the propagation

A typical problem of wave propagation: a source S emits a radar,
light, acoustic or some other kind of wave (in red in the figure) of a
definite wavelength; the wave is reflected partially (in blue and green
in the figure) by the two obstacles at O1 and O2; what will be the
amplitude of the resulting wave in each case, for example, at the detector placed at S? The solution of this difficult problem must take into
account the type of wave emitted, its wavelength, the shape of the obstacles, the material of which they are made, etc.

It was in the 1960’s that the first computer programmes for the numerical solution of
integral equations were written. They could
only calculate diffraction by objects which
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were small compared to the wavelength;
moreover, as sufficient mathematical analysis
was lacking, they often gave aberrant results.
Starting from the end of the 1980’s, a better
understanding of the problems encountered
and their solution allowed the calculation of
the diffraction of a wave by larger and larger
objects compared to the wavelength, with
greater and greater precision. Research is
continuing in various fields today, such as the
choice of the integral formulation best adapted to the problem and better numerical techniques to solve the equation. In particular,
methods known as multipolar methods have
made it possible to considerably increase the
size of the problems which can be handled.
This work has contributed to the development
of reliable software tools capable of calculating with precision the undulatory field diffracted by objects whose size may go up to
several dozen times the wavelength. Such is,
in particular, the case of an aeroplane in the
field of a decimeter-wavelength radar.
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particularly awkward in the case of weakly diffracting objects. But these numerical techniques, making use of absorbing boundary
conditions, have also made considerable progress; they now permit a very weak level of
parasitic reflection, thanks to theoretical work
done mainly at the beginning of the 1990’s.

Geometrical optics and its
generalisations at the service
of short wavelengths
When the size of the obstacle diffracting
the wave is very large compared to the wavelength (such as a droplet of water illuminated by visible light, or a plane swept by a decimetre-wavelength radar, etc.), there is an
easier way than the direct solution of the wave
equation: good old geometrical optics. One
considers light waves as rays propagating in
a straight line in a given medium and which
are subject to the simple laws of reflection
and refraction, which were discovered several centuries before the equations describing
electromagnetic waves. One of the contribu-

A method rival to the formulation in terms
of integral equations consists in directly solving the partial differential
equations and to free oneself
from the radiation condition
by artificially limiting the propagation medium by an
``absorbing boundary condition'': one posits (mathematically) the presence of an imaginary border, which
completely absorbs all waves
that affect it. For a long time,
these absorbing boundary
conditions were responsible
for the presence of parasitic
reflection phenomena in the Waves propagating on the surface of water: even this daily and common phenomenon can be
numerical solution; they were extremely difficult to describe correctly and precisely. (Photograph: Getty Images)
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tions of physicists, in particular of the German
physicist Arnold Sommerfeld (1868-1951), was
to show that geometrical optics is ultimately
a way of solving diffraction problems when
the objects are infinitely large compared to
the wavelength.
But of course the size of real objects is
never infinite: geometrical optics is thus just
an approximation which may at times be good,
at times not so good. Therefore, it has been
extended and generalised in order to determine the undulatory field at points where traditional geometrical optics would consider
being in the shade. This work, which started
in the 1950’s, continues even today; it makes
it possible to have tools which are certainly
less precise than the method of direct numerical solution of partial differential equations
but which are applicable in the short-wavelength regime.
Despite all these advances, many problems
of wave motion have still not been solved satisfactorily. Such is the case of diffraction by
objects whose size is large compared to the
wavelength but which have a complex form,
with fine features comparable in size to the
wavelength (for example a plane or a missile
when one wants to take into account their
detailed form down to the last bolt, and not
just their general shape). Hybrid methods
should be able to do the work, but there still
remains much to do in this field and elsewhere!
Daniel Bouche
CEA (Commissariat à l’énergie atomique),
Département de physique théorique et appliquée,
Direction d’Île-de-France
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When art rhymes
with math
Francine Delmer

Scientists are not the only ones to be inspired by mathematics.
Many artists have drawn the subject of some of their works from it.
The converse is also sometimes true, as in the case of perspective,
where art has led to geometrical theories.

F

rom November 2000 to January 2001, same year, David Auburn's Proof, which brings
the Galerie nationale du Jeu de Paume pre- the lives of mathematicians onto the stage,
sented a retrospective of the artist François
wins the Pulitzer prize for drama. Written for
Morellet, who was called a ``postmodern the layman, this work offers an interesting
Pythagorician'' by the the critic
Thomas McEvilley in the catalogue of the exhibition. In
February 2001, Tom Johnson is
awarded the Victoire de la
musique for contemporary musical creation for his work Kientzy
Loops. This composer works out
musical transpositions from
suites which act like constraints,
diverts automatons, plays out
Pascal's triangle (Self-Replicating
Loops, Rhythmic canons, etc.).
He always places mathematical
concepts at the forefront of his
work, and has been having a long It is said that Galileo once, instead of listening to a sermon in the cathedral in Pisa, observed the swinging of the chandelier hanging from the ceiling. He had the idea of counting
dialogue and fruitful exchange the oscillations and noticed that their frequencies were different, but that they were inverwith Jean-Paul Allouche, resear- sely proportional to the square root of the length of the pendulum. It is on this observation
cher in number theory and theo- that the work Galileo of the composer Tom Johnson is based. Here, the pendulums are suspended from a structure designed and built by the artist-engineer Eric Castagnès of Bordeaux.
retical computer science. In the (Photo Eric Castagnès)
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vision of the work of a researcher and puts
forward certain characteristics of this milieu.
One can detect in it allusions to the recent and
singular history of the American mathematician John Forbes Nash and to the proof of
Fermat's last theorem by the British mathematician Andrew Wiles.
These three events, reported by the media,
illustrate the topicality of the mutual fascination between mathematicians and artists.
Throughout history, their relations have traversed the whole gamut of artistic fields and
their discussions have been carried out on a
variety of levels, as testified by philosophers,
art historians, epistemologists, artists and
mathematicians when they discuss the reality
and relevance of mathematics. Our purpose
here is not of legitimizing any artistic creation
because of its references to scientific theories,
nor of making value judgments, nor of attempting any classification of mathematical or artistic practice. We will only confine ourselves to
throwing some light on the mutual relationship in the manner of a pointillist.

The links between mathematics
and the arts woven over time
It is said that approximately 2700 years
before our era, the Egyptians were using the
sacred right-angled triangle with sides 3, 4, 5
(these numbers satisfy the relation ``square of
the hypotenuse = sum of the squares on the
other two sides'' which characterises rightangled triangles) in the construction of pyramids. One can also think of the Pythagorian
theories, of around 500 B. C., according to
which musical harmony is governed by certain
ratios of numbers. Closer to our time, Albrecht
Dürer and Leonardo da Vinci, emblematic
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figures of the humanistic spirit of the
Renaissance, were interested in geometry,
optics, architecture and the theoretical, as well
as, practical questions inherent in these fields.
Dürer, inspired by the thinking and work of
the Italians, in particular Piero della Francesca
and Alberti, fixed the rules of perspective in
his geometrical treatise Underweysung der
messung (1525). Since then, artists have systematically used it in theirs works, while the
French mathematicians Girard Desargues and
Gaspard Monge developed projective and descriptive geometries in the XVIIth and XVIIIth centuries. It should be noted in this particular case
the precedence of art over science: as the art
historian Eric Valette puts it, ``the invention of
perspective is certainly one of the most obvious
examples where the symbolic artistic system
brings knowledge of the world still unknown
to science''.
In literature, mathematics might appear
to be less present. However, the members of
Oulipo (Ouvroir de littérature potentielle, or
Workshop of potential literature, founded in
1960 by Raymond Queneau and François Le
Lionnais, writers and mathematicians), often
draw their themes from it. Thus, in Life: User's
manual by George Perec, the plot rests upon
the solution of a combinatorial problem involving an order-ten orthogonal bi-latin square.
Musical creation in the 20th century was
marked by the composers Pierre Boulez and
Iannis Xenakis, both of whom were trained in
mathematics. In his compositions Boulez develops the principles of serialism, while Xenakis
calls upon a statistical control of the musical
parameters in his stochastic music, to quote
only one example of their creations. The IRCAM,
created in 1970 by Pierre Boulez, where a large
number of musicians, acousticians, mathema-
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ticians and computer scientists with a mixed
training work, is testimony to the major interplay between mathematics and music at the
beginning of the 16th century, both at the technical, as well as, the theoretical level. Questions
relating to this subject were posed from an
interesting perspective at the Fourth
Mathematical Forum Diderot held there in
December 1999 by the European Mathematical
Society under the title Mathematical logic, musical logic in the 20th century.

Mathematics, a simple tool as well as
a theoretical drive of creation
These examples illustrate the diversity of
the relations between mathematics and the
arts, and raise some questions. Is mathematics used, by such and such art, for technical
or theoretical reasons? Does it inspire artists
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in a metaphorical, or a symbolic way?
The painter François Morellet, who has
already been mentioned, uses mathematics
more as a tool, as shown by his Répartition
aléatoire de quarante mille carrés suivant les
chiffres pairs et impairs d'un annuaire de téléphone [Random distribution of forty thousand
squares according to the even and odd digits
in a telephone directory], πι ironicon n° 2, etc.,
where he suggests the idea of infinity.
According to the art critic Gilles
Gheerbrandt, ``with him, (elementary) mathematics may be used for the formulation of problems, but it is a simple tool, never an end in
itself''. As for the artist, he claims using mathematics to escape any subjectivity or emotion,
to keep a distance from his work, to desensitise it; in this he revisits the old Platonic ideo-

The artist François Morellet, a ``postmodern Pythagorician''. (Photo Gamma/Raphaël Gaillarde)
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logy, which claimed art was nothing but deception.
If certain artists use elementary concepts
as a reference or pretext, others adapt principles of mathematical theories as their basis,
thus drawing upon the essence of reasoning.
The painter Albert Aymé, one of the most radical examples of an excursion into abstraction,
takes a path similar to that of research in
mathematics.
Rejecting combinatorial mechanisms, he
develops his thoughts in treatises - Approach
of a specific language, On paradigms, etc. which provide the framework for his pictorial
project: ``I try to continue working with the
rigour of a scientist but without dissociating
myself from the passion of the poet or the
musician''. Moreover, the work does not need
words and remains ``intrinsically beautiful'',
abstract art being ``not a matter of taste but
of method'', according to him.
As human activities, mathematics and the
arts are products of individuals surrounded by
the same cultural, political, religious climate.
The great upheavals of history do not leave
any of these fields untouched because of interactions which seem dependent on the spirit
of the time.
Was it not upon reading the philosophical writings of Henri Poincaré, who popularised at the turn of the 20th century the ideas
of non-Euclidean geometry, that the cubists
did away with traditional perspective?
Let us keep in mind that any attempt at
the fusion or unification of mathematics and
the arts would be reductionist and in vain. It
is indeed knowledge and curiosity which permit exchanges and confrontations between
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them, in a way specific to each form of expression.
Let us just make the happy observation
that mathematics and the arts are still playing
together, a piece of music called enlightenment.
Francine Delmer
Laboratoire Arithmétique et Algorithmique
expérimentale
Université Bordeaux 1, Talence
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From DNA
to knot theory
Nguyen Cam Chi and Hoang Ngoc Minh

The biological activity of a DNA molecule depends mainly
on the way it is arranged in space and the way
in which it is twisted - things which fall within the province
of the mathematical theory of knots.

e

veryone now knows
that DNA is the molecule which carries the
genetic information in
each cell of living organisms and is responsible
for cellular activity to a
large extent. In general,
DNA consists of two
long parallel strands
made up of a sequence
of molecules called
nucleotide bases, the
two strands turning
around one another to
form a helicoidal structure: the famous
double helix.

A circular knotted DNA molecule, seen through an electron microscope. The topology of DNA molecules influences their activity. (Photo N. Cozzarelli, University of Berkeley)

The information carried by DNA is encoded by a sequence of pairs of nucleotide bases.
This sequence does not depend on the way in
which the molecule is twisted, tangled or knotted. However, after the discovery in the years

-1970 of circular DNA molecules (i.e., loops
made up of only one strand or two strands
wound around one another), one started wondering about the influence of the topological
shape of DNA, of its form in space. In 1971,
the American biochemist James Wang provi-
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ded evidence showing that certain enzymes,
the topoisomerases, can modify the topological configuration of DNA, for example, by
making it knotted, and that the topology of
the DNA molecule influences its activity in the
cell. The study of the topological configurations of DNA can thus tell us something about
the way in which DNA participates in cellular
mechanisms.
Topology, defined by some as ``rubber geometry'' - that is, the study of properties which
are not modified by deformations or by changing lengths - is an important and fundamental
branch of mathematics. Almost every mathematician needs its concepts and methods. The
theory of knots is a particular branch of topology. Born roughly a century ago, its aim is to
make a precise study of knots and to classify
them. It has found applications in other scientific disciplines (in molecular chemistry, statistical physics, theoretical particle physics, etc.),
in addition to its links with other fields of
mathematical research.
The fundamental question of the theory
of knots is as follows: given two knots (which
are not too simple!), made up of thread, for
example, can one decide if they are equivalent? In other words, can one stretch or deform
one of them to make it identical to the other,
without cutting them up? As topologists allow
deformations, their definition of a knot is
slightly different from that of the man in the
street: for them, a knot is something obtained by joining the two ends of the thread;
otherwise one could - by pulling and changing the form of the thread correctly - untie
any knot, and all knots would be then equivalent. From the point of view of topology,
therefore, a knot necessarily consists of one
or more loops, which is the case for circular
DNA.
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To classify knots by finding ``invariants'': a problem of algebraic topology
Specialists in knot theory do, in general,
algebraic topology: they try to associate to
each topologically different knot an ``invariant'', a mathematical object which characterises it, which is easily computable and which
lends itself to algebraic manipulations. This
mathematical object can be, a priori, a number, a polynomial (an algebraical expression
such as x6 - 3x2 + x + 2) or something more complicated and abstract. The important thing is
that it should be the same one for all topologically equivalent knots (hence the term of
invariant). The ideal would be to find invariants which characterise knots completely,
i.e., such that two distinct knots have necessarily different invariants. Then the problem
of classification will be solved. To summarise,
the main questions are: is there a way of characterising knots in order to distinguish them?
Does there exist an algorithm to distinguish
two knots? Does there exist a computer program which distinguishes two given knots in
a reasonable amount of time?
In spite of several decades of research, the
answer to these questions remains incomplete.
However important progress has been made.
Let us mention some of it briefly. In 1928, the
American mathematician James Alexander
introduced the first polynomial invariant (the
Alexander polynomial) permitting the classification of knots. But the Alexander polynomial is an incomplete invariant: certain distinct knots have the same Alexander
polynomial. Much more recently, in 1984, the
New Zealand mathematician Vaughan Jones
discovered a new invariant, which was also a
polynomial; it is more effective than the
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Alexander polynomial, but it doesn’t entirely
solve the problem of classification either. Some
time later, other researchers refined and generalised the Jones invariant; still, the newly
introduced polynomial invariants are incomplete and fail to differentiate between certain topologically distinct knots.
Perhaps the beginning of a complete solution was made around 1990, with the work
of the Moscovite researcher Victor Vassiliev.
He introduced a new class of invariants defined in an implicit way, i.e., only defined by
the relations which they satisfy amongst themselves. The Vassiliev invariants are numbers,
i.e., to each knot is associated a number (which
can be determined based on a combinatorial
analysis of the topology of the knot). Vassiliev
conjectured that these invariants form a complete system, in other words, that distinct knots
always have different Vassiliev invariants.
Although no counterexample has been found
until now, the conjecture remains to be proved, just as effective methods to compute
these Vassiliev invariants in an efficient way
remain to be found. All the same, progress
has been considerable.
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There is a parallel between
mathematical transformations
and enzymatic mechanisms
This mathematical research is related to
the questions posed by biologists in connection with molecules such as DNA. For example,
around 1973, the British mathematician John
Conway introduced elementary ``surgical''
operations (the flip and the uncrossing), which
make it possible to transform a knot into another one by modifying it at the level where
its strands cross each other. However, these
operations of a mathematical nature have biochemical equivalents which are carried out by
topoisomerases. These enzymes, which are
essential to the functioning of every cell, can
initially cut one of the strands or the two
strands of the circular DNA ring and pass a
segment of the ring through the opening, and
then close up the ends which had been cut,
to make a knot in each ring. By carrying out
the operations of cutting, passing through
and resoldering, they can cut a strand, make
the other strand pass through the opening so
obtained, and then resolder the cut (this corresponds to the Conway's flip operation), or
to make two cuts and two
resolderings by attaching
the two strands ``the
wrong way'' (Conway's
uncrossing operation).

The two knots represented here are topologically distinct: one cannot pass from one to the other by merely
pulling the threads, without crossing and resticking. The Alexander polynomial of the one on the left (a
trefoil knot) is P(t) = t2-t + 1; the Alexander polynomial of the one on the right is P(t) = t2-3t + 1. These
two polynomials are distinct, as they should be. However, there are distinct knots which have the same
Alexander polynomial: the Alexander polynomial is not a complete invariant.

Now, how can the
topology
of
DNA
influence its biological
activity? Let us illustrate
this with the example of
a supercoiled DNA molecule. In its usual state, the
strands of the molecular
double helix describe a
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certain number of revolutions around the axis
of the helix. Certain topoisomerases can
increase or reduce this twisting, just as one
can twist the telephone wire a bit more or a
bit less, which modifies its form. What's more,
in circular DNA the number of revolutions of
the double helix is a topologically invariant
property: it cannot be changed by any deformation of the shape, except when the cutting
and reattaching of the strands of the two-coiled DNA ring are involved. Now, if a DNA ring
is unrolled, one can easily see that the double
helix becomes less compact, and that its internal parts become more exposed to the action
of the enzymes which surround it. Such exposure accompanies DNA replication (making a
second copy of the molecule) and its transcription (process by which proteins are synthesized in the cell).
As the topological configuration of DNA
is determined by an enzymatic mechanism, a
legitimate question for biologists would be to
know the extent to which the topological classification of knots makes it possible to understand the enzymatic mechanisms at work.
Another related question would be to know
if one can simulate all these enzymatic mechanisms using the basic operations introduced
for mathematical knots. Research at the border between the mathematics of knots and
molecular biology is now very active.

Nguyen Cam Chi et Hoang Ngoc Minh
Département de mathématiques et
d’informatique,
Université de Lille 2
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The philosopher
and the mathematician
Pierre Cassou-Noguès

Throughout their history, mathematics and philosophy have had a close
and enigmatic relationship. It would be necessary to go as far back as
Plato in ancient Greece and Descartes at the dawn of modern times.
Let us cite here two great figures of the 20th century,
David Hilbert and Edmund Husserl.

e

dmund Husserl and David Hilbert met in
Göttingen in 1901. The philosopher Husserl
had studied mathematics. In Berlin, he was
the assistant of Karl Weierstrass, a great mathematical analyst, before meeting Franz
Brentano in Vienna and turning towards philosophy. In 1891 he published The Philosophy
of Arithmetic. The first volumes of his Logical
Researches appeared at the same time as the
philosopher settled in Göttingen. The mathematician Hilbert was in Göttingen since 1897.
He had solved a famous problem, ``Gordan's
problem'' in the theory invariants, which had
preoccupied German geometricians for the
last twenty years. He had developed the
``theory of algebraic fields'' in algebra. Husserl
and Hilbert were roughly the same age, and
they ran into each other in the Philosophy
Faculty, which, in reality, regrouped philosophers and mathematicians. Each of them is
going to transform his discipline. Husserl discovers phenomenology. Hilbert introduces the
abstract method which characterises modern
mathematics.

David Hilbert (1862-1943) was, along with the Frenchman Henri
Poincaré, one of the great mathematicians during the 1900’s. By the
depth of his work and his points of view, by his dynamism that inspired Göttingen, he exerted a considerable influence on the mathematics of the 20th century. (Photo AKG)
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Göttingen, centre of mathematical
excellence, welcomes philosophers
Even though Göttingen was only a small
town close to Stuttgart, shortly after 1900 it
became the centre of the mathematical world
with Felix Klein as the head of the Faculty. This
great geometrician, who had definitely established the existence of non-Euclidean spaces,
had given up active research and devoted himself to teaching, to the development of mathematics in the 19th century, and to the administration of the Faculty, for which he found
new funding. He recruited Hilbert and then
Hermann Minkowski. This latter will introduce,
on the occasion of a famous lecture, the
``space-time continuum'' - which carries his
name and which will be used by Einstein as
the framework for formulating his theory of
relativity. Every week, the Göttingen
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Mathematical Society meets for a lecture, by
someone from Göttingen, or from somewhere
else. Husserl, the philosopher, speaks in April
1901 about the problem of the imaginaries in
arithmetic. Göttingen is a place devoted to
mathematics; It seems that one day Minkowski,
walking in the main street, meets a pensive
young man tormented by some thought; he
taps him gently on the shoulder and says:
``don't worry, young man; it converges'', at
which point the young man moves away, reassured.
It was at Göttingen that Hilbert gave a
mature form to his abstract method of modern
mathematics. The abstract method was born
in the algebra of the 19th century. Richard
Dedekind and Leopold Kronecker, in particular, had introduced what are called structures.
One defines a mathematical structure, such as

One of the mathematics buildings (the Institute for applied and numerical mathematics) of the university of Göttingen, today. Between 1900
and 1930, Göttingen was a world-famous centre for mathematics, thanks to the efforts of David Hilbert. Mathematicians there would often
meet philosophers and scientists from other disciplines. (Photo University of Göttingen)
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that of a ``group'', a ``vector space'', or a
``field'', by specifying the rules which the operations verify, without going into the nature
of the objects on which they operate. Thus,
the same structure can apply to objects of different nature - to numbers, to functions, or
to geometrical transformations, etc.
Abstraction in mathematics consists of ignoring, or making an abstraction of, the nature
of objects and considers only the relations between these objects. This point of view, which
had emerged in the algebra of Dedekind and
which remained unstated in the 19th century,
is made explicit by Hilbert.

Hilbert gives an axiomatic presentation of geometry
As soon as he arrived in Göttingen, Hilbert
announced a course in geometry. This course,
which will be published under the title The
foundations of geometry, relies upon the abstract method to give an axiomatisation of geometry. Hilbert disregards the nature of geometrical objects, points, lines, planes, and is
content with specifying the relations between
them, relations whose properties are given by
the axioms. In other words, axioms fix the properties of the relations existing between
objects whose nature is left unspecified. Thus,
the axioms define a structure similar to the
algebraic structures. But, in going from algebra to geometry, the primacy of structures is
reinforced. In algebra, one gives a structure
to supposedly known objects, such as numbers and functions. One can deduce a theorem by reasoning about the structure, or by
reasoning about the objects which have their
own specific nature. On the other hand, by
axiomatisation, reasoning is reduced to a
simple deduction starting from the axioms,
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and the objects are defined by specifying the
axioms. Axioms, i.e., the structure, suffice to
define the objects and to carry out reasoning
on these objects.
In his axiomatisation of geometry and in
his later work, Hilbert makes the abstract
method of algebra explic, makes it radical and
uses it to produce new results. Actually, Hilbert
traverses and transforms the whole of the
mathematics of his time with this abstract
perspective: geometry; algebra and the theory
of numbers, with a first proof of ``Waring's
conjecture'' in 1909; analysis, where he introduced Hilbert spaces, abstract spaces whose
``points'' are, for example, functions. The abstract method will be taken up in Göttingen
by the school of Emmy Nœther and Emil Artin,
and then in France by the Bourbaki group. It
will nourish from then on the whole of mathematics.

Providing a foundation
for mathematics
In parallel, Hilbert was developing the abstract method to launch a program of foundations for mathematics. To provide a foundation for mathematics is to give an ultimate
guarantee to mathematical reasoning. It
means, in particular, to justify arguments which
presuppose the actual existence of an infinity,
among them transfinite induction, while at
the same time avoiding the assumption of the
existence of infinity. The formalist programme
consists of two steps. The first task is to formalise mathematical theories. We consider an
alphabet of symbols. We fix rules analogous
to those of spelling and grammar, to construct
formulas with these symbols. We specify
axioms which will serve as premises in the
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proofs, and rules for deducing a formula from
others. Mathematics is replaced by a set of formulas. Proof consists in manipulating these
symbols according to explicit rules, disregarding the meaning of the symbols. A proof is
like an assembly of symbols which conforms
to explicit rules, a drawing made according to
given rules. The second task is to show the
non-contradiction of these formal systems by
means of finite reasoning, i.e., not utilising
the actual infinity.
The first theory to which Hilbert tried to
apply this programme was arithmetic, which
already contained transfinite reasoning. Thus,
Hilbert inaugurated proof theory, which consisted of finite reasoning about drawings which
represented proofs in a formal system.
However, in 1931, the Austrian logician Kurt
Gödel established that it is impossible to prove,
by means of finite reasoning, the non-contradiction of a formal system which includes elementary arithmetic. It is thus necessary to give
up Hilbert's initial programme.
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abstract representation of mathematics into
the incipient phenomenology. Husserl distinguishes two kinds of mathematics, an applied
mathematics, which includes, for example,
geometry as a theory of our space, the space
in which we live, and a formal mathematics.
Starting from an applied theory, a mathematician can extract its architecture and isolate
an axiom system which he can then vary to
obtain new forms for possible theories. Thus,
formal mathematics appears as a theory of
forms of theories or, in the language of Husserl,
a formal apophantic, which aims at defining
and classifying all possible systems of judgement. Moreover, as had been shown by Hilbert,
proceeding in an axiomatic manner amounts
to making abstraction of the nature of the
objects. Consequently, to each form of theory
corresponds a field of objects, arbitrary objects

The abstract method
and the formalist programme
fascinated philosophers
It remains that Hilbert succeeded in transforming a philosophical question, that of foundations, into a mathematical problem, to be
dealt with by means of the abstract method
and dependent upon a new theory, proof
theory, which remains active to this day. In
return, the abstract method and the formalist programme that underlies it have exerted
a kind of fascination on philosophers. From
the very beginning, in his Logical Researches}
of 1901, then in Formal logic and transcendantal logic of 1929, Husserl incorporated the

Edmund Husserl (1859-1938), who was partly inspired by mathematical problems to develop his philosophy. (Photo AKG)
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which are determined by this fact alone that
they are subject to a certain system of axioms.
The theory of forms of theories thus represents a formal ontology, a theory of a pure
``something'', which aims at defining and classifying all possible multiplicities of objects by
their form alone. Formal mathematics comprises a double orientation: it is a formal apophantic when the mathematician turns to systems of judgements; it is a formal ontology
when the mathematician turns to fields of
objects. If Husserl, who had closely studied
19th century geometry, had the concepts of
form of theories and of formal multiplicity
before 1901, it is certain that the meeting with
Hilbert and the discussions at the Göttingen
Mathematical Society have played a decisive
part in the development of a systematic phenomenology.
Hilbert succeeded in posing inside mathematics the question of the foundations of
mathematics. This is internalisation in mathematics of a philosophical question. Husserl
made the opposite internalisation, of the abstract mathematical method into philosophy.
The careers of the two men, Husserl the philosopher and Hilbert the mathematician, are
a testimony to a reciprocal and simultaneous
internalisation, of mathematics into philosophy and of philosophy into mathematics.

Pierre Cassou-Noguès
CNRS, Laboratoire Savoirs et Textes,
Université Lille III
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How to rationalise
auction sales
Jean-Jacques Laffont

Thanks to the Internet in particular, auctions have become widespread.
Modelling these sales processes makes it possible to determine their
rules and the optimal strategies for using them.
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uctions, as a means
of buying or selling, have
become widespread. This
is, in particular, the case
on the Internet, as testified by the striking success of sites such as eBay
where goods of all kinds
- from books to cars,
including art objects and
household appliances are bid on. As a method
for allocating scarce
resources, auctions are An auction at Christie's of works of artists of the 20th century. Each potential buyer behaves according
traditional in the live- to what he believes the others will do. Game theory analyses such situations and helps in finding optistock markets and for mal strategies (Photo Gamma Connection/Jonathan Elderfield)
agricultural produce
(fish, flowers, etc). They have recently been describes the marriage market in Babylon as
extended to more expensive goods, such as an auction which started with the most beauapartments, and to much more complex tiful young women who were sold to the
objects, such as licences for third generation highest bidder (i.e., the highest offer gets the
mobile telephony.
``object'' to be sold). In Asia, the oldest account
The use of the system of bidding is very old, of bidding relates to the sale of the effects of
and goes back to Antiquity. Thus, Herodotus
dead monks in the 7th century.

How to rationalise auction sales
The first ideas about auctions were
inadequate because they were too
simplistic
If auctioning goes back almost to the dawn
of humanity, their conceptualisation is much
more recent. The first important academic
work devoted to the subject is a 1955 thesis,
whose author was the American L. Friedman.
It was one of the first theses on operations
research. It was devoted to developing auction strategies by companies on the occasion
of the sale of the petroleum drilling rights in
the Gulf of Mexico. These auctions were ``firstprice sealed-bid auctions'': in this procedure,
the offers are not made public
and it is the highest offer which
wins the auction.
The strategy adopted by
Friedman consisted simply in
maximising what is called profit
expectancy. If he wins the bid, the
bidder makes a profit equal to
the difference (v - b) between his
valuation v of the object put up
for sale and the price b which he
proposes to pay for it. The profit
expectancy is thus this difference
multiplied by the probability P(b)
of winning the bid at this price,
that is to say (v - b) P(b). The probability P(b) is a priori unknown;
but by making a statistical analysis of past biddings, one can discover ways of outbidding the
competitors; that makes it possible to determine an approximation to the function P(b) and
thus find the bid b* which maximises profit expectancy, i.e., such
that (v - b*)P(b*) is maximum
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This method, which is widely used and has
been refined in many ways, is however extremely na{\"\i}ve. Indeed, it implicitly supposes
that the other bidders have not worked out
a strategy and that their future behaviour can
be easily deduced from their past behaviour.
In 1961, the Canadian William Vickrey (who
received the Nobel Prize for Economics in 1996,
two days before his death) posed the problem
differently, by using game theory.

The home page of the Internet auction site eBay-France.
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Game theory and mathematical economics enter the scene for defining optimal strategies
Created by the famous mathematician of
Hungarian origin John von Neumann in the
years 1920-1940, in collaboration with the economist of Austrian origin Oskar Morgenstern,
game theory examines strategic interactions
of the players. It deals with any situation where
each player must make a decision which determines the outcome of the situation. Game
theory thus applies to many scenarios of the
economic, political, diplomatic or military
world. But let us return to our biddings. When
a bidder has to decide what to bid, he asks
himself what the behaviour of his competitors is going to be, and each bidder does this.
An equilibrium of this situation indicates for
the specialists a rather complex object: it is a
method of bidding - in other words a relation
between the valuation v of the bidder and his
bid b - which is the best way for the bidder to
bid taking into account what he anticipates
are the bidding strategies of the other actors
and his guess about their valuations. For
example, in a symmetrical situation where the
expectations of all the actors are the same,
the strategy of a bidder must maximise his
profit expectancy knowing that all the others
are using the same strategy as he is.
The concept, which we have just evoked,
is a generalisation of Nash equilibrium, adapted to the context of incomplete information
about the bids. What is it all about? The
American mathematician John Nash (Nobel
Prize for Economics in 1994) had proposed
around 1950 a very natural concept of equilibrium which generalises the one given in 1838
by the French mathematician and economist
Antoine Cournot. Given a set of actions from
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which the players can choose, these actions
form a Nash equilibrium if the action each
player chooses is the best possible one for him,
knowing that the other players also are choosing the actions specified by the Nash equilibrium. In a Nash equilibrium no one finds it
beneficial to unilaterally change his action.
The particular difficulty in auctions is that
each bidder is the only one who knows his
own valuation of the goods to be sold and
that he does not know the valuations of other

The American mathematician John Forbes Nash, born in 1928,
received the Nobel Prize for Economics in 1994, in particular for
his work on game theory. Around the age of thirty, Nash started suffering from serious mental disorders from which he made a spectacular recovery in the middle of the 1980’s. His life was the subject
of a biography ``A beautiful mind'', which inspired a film of the
same title. (Photo University of Princeton)
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potential buyers. It is thus necessary to generalise the concept of the Nash equilibrium to
this situation where information is incomplete.
This is what was carried out intuitively by
Vickrey in 1961; the American of Hungarian
origin John Harsanyi did it more precisely
around 1967-1968, which won him as well the
Nobel Prize in 1994. One thus arrived at the
notion of a Bayesian Nash equilibrium, a
concept of equilibrium which allows one to
put forward a conjecture about the way in
which rational bidders must bid in an auction.
In the context of auctions, a strategy from
the mathematical point of view is a function
S which associates to a bidder's valuation his
corresponding bid. In other words, for any
particular valuation v, this function must specify the bid b* = S(v) which maximises his profit expectancy as calculated from the rules of
the auction, supposing that the other players
use the same strategy. That means that in a
symmetric Bayesian Nash equilibrium, if the
others bid in the same way, employing the
same strategy, this way of bidding is optimal.
Why have we used the adjective Bayesian?
Because the player calculates his profit expectancy starting from his beliefs about the valuations of the other bidders (in probability and
statistics, the Bayesian point of view - named
after Thomas Bayes,a British mathematician
of the 18th century - consists in evaluating probabilities on the basis of the available partial
information and on a priori beliefs).

When theory confirms and extends
the utility of sales methods arrived at
intuitively...
In the auction field mathematics makes it
possible to model the behaviour of bidders,
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which leads to a prediction about their way
of bidding. That has led to progress in two
directions. On the level of positive knowledge,
it has become possible to compare the data,
i.e., the bids of the players in different types
of auctions, with those predicted by the theory.
The theory thus acquires a scientific status:
one could reject it if one finds data which
contradict the predictions; the theory is thus
refutable..
At the level of establishing standards, the
consequences have been even more important. Within the framework of the assumptions of the theory of auctions thus constructed, one could prove a rather fascinating
theorem: the revenue equivalence theorem.
Without going into the details, this theorem
shows that the first-price or second-price (the
winning bidder pays only the second-highest
price, not the highest price) sealed-bid auctions, ascending (English) or descending
(Dutch) oral auctions are equivalent for the
seller and they are, moreover, often optimal.
Thus, sales methods which were used pragmatically in particular cases have turned out
to be, in the light of theory, the optimal ways
to allocate scarce resources. Hence the new
enthusiasm for extending these methods to
all kinds of economic activities. Finally, in more
complex circumstances than the sale of a
simple object, theory makes it possible to
conceive generalisations of simple auctions in
order to optimise even more the seller's
income, or social well-being if the organiser
of the auction is a State concerned with this
aspect of things. Thanks to mathematics, it
has been possible to understand the meaning
and the importance of an ancestral practice
and thereafter to transform human intuition
into a true tool for economic development.
With the emergence of the Internet and
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the new communication technologies, auctions have found an immense field for experimentation. The Internet offers new possibilities for this system of selling, which theory
will help to evaluate and to exploit. For
example, in an auction an anonymous seller
should a priori suffer from the asymmetry of
information - he is the only one who knows
the quality of the goods he is selling - and
would therefore manage to obtain only a very
low selling price; but by repeated sales of quality objects to a priori unknown potential
buyers, he can build a reputation little by little,
thanks to the satisfied comments of his previous buyers. The quality of the transactions
can thus be improved by creating a place
where one can build a reputation for quality
and honesty, something to which an Internet
site lends itself easily.
Jean-Jacques Laffont
Institut d’économie industrielle,
Université des sciences sociales,
Manufacture des tabacs, Toulouse
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The econometrics of selling
wines and bonds
Philippe Février and Michael Visser

Great wines and Treasury bonds are sold at auction.
But which type of auction should one adopt ?
To find that out, one has to supplement
the general modelling of auctions by econometric studies.

i

n the sale rooms of
Richelieu-Drouot, wines
are sold by the traditional ascending bids, or
English auction. In such
a procedure, the auctioneer announces a relatively low starting price,
and then increases it gradually until there remains
only one bidder, the
others having given up.
The object to be sold is
A candlelight auction sale of wines at the Hospice in Beaune, in Burgundy. Econometric analyses indiacquired by this last bid- cate that the recourse to purchase options makes it possible to increase the income of the auctioneer.
der at the highest price (Photo Gamma/Alexis Orand)
reached. When several
identical lots of wine must be auctioned, a
Mouton-Rotschild 1945 are to be sold. After
mechanism called purchase option allows the
the first auction is over, the auctioneer prowinner of one lot in the auction to choose the poses to the winner to purchase the second lot
number of lots which he wishes to acquire at
at the same price as the first. If the winner exerthe same price (if the purchase option is not cises his option, there is no second auction and
available, the lots are put up for auction sucthe two lots are sold to the winner of the first
cessively). Let us consider for example the case
auction. If the winner does not exercise his
when two identical lots of six bottles of right, the second lot is put up for auction.
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Purchase options, of course, make sales quicker, but they also introduce a strategic component. It is clear that bidders do not behave
in the same way when the purchase option is
present as they do when it is absent. In the first
case, losing the first lot implies potentially the
loss of the two lots if the winner uses his option,
which is not the case in the absence of the
option. What is then the strategic impact of
purchase options? Does the presence of the
purchase option encourage the bidders to raise
their bids higher than when there is no option,
and does it thus increase the income of the auctioneer?

Must the State adopt uniform auctions or discriminatory auctions?
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number of bonds the ith STB wishes to purchase. Each one of them then gets Qi(p*) bonds
that he had asked for.
If the price each bidder pays for a bond
were p*, this would be an auction known as
uniform, and the total cost for the bidder
would then be simply p*Q(p*), the price of a
bond multiplied by the number of bonds required (it is the area of the shaded rectangle in
the graph on the left). But in the auction
known as discriminatory, to which the State
resorts, the price which is paid is not p* for
each bond, but a little higher. In effect, the
State makes the bidders pay the maximum of
what they were ready to pay for each additional obligation; the total cost for the bidder
is represented by the area of the shaded region
in the graph on the right-hand side.

The French State finances its debt by
issuing bonds called Treasury Bonds. The sale
Let us illustrate it with the example of a
of these bonds is done with the help of an
bidder whose demand graph is as follows: he
auction procedure known as a discriminatory asks for 10 bonds if the price is 90 Euros, 9
auction. Each bidder, called a Specialist in
bonds if the price is 100 Euros,... , 1 bond if
Treasury Bonds or STB, establishes a set of
the price is 180 Euros. Supposing that the equiprice-quantity pairs (p,
Q(p)) which determine
the number Q(p) of bonds
he wishes to buy if the
price of the Treasury bond
is p. The State, having
announced the total
number T of bonds that it
wishes to issue, the aggregate demand (sum of the
demands of individual
bidders) determines a
price known as the equi- In uniform bidding for Treasury bonds, the bidder pays the sum of p*Q(p*) (the area of the shaded
librium price p*: it is the rectangle in the graph on the left), where p* is the price known as the equilibrium price of a bond,
price p* such that T = determined by the demand of all the bidders, and Q(p*) the number of bonds the bidder has demanded at this price. In discriminatory bidding, the bidder pays a price higher than p*Q(p*), corresQ 1 (p*) + Q 2 (p*)+... + ponding to the shaded region in the graph on the right-hand side. The strategies of the bidders are
Q N(p*), where Q i is the not the same in these two types of auctions.
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librium price p* is 130 Euros, this bidder will
receive 6 bonds. In a discriminatory bidding,
the price which he will pay is the maximal
price that he was ready to pay for these 6 obligations, that is to say: 180 Euros for the first,
170 Euros for the second, ..., 130 Euros for the
sixth, which comes to a total of 930 Euros. In
the procedure of uniform bidding, this bidder would have paid 130 Euros for each of the
six obligations, that is to say a total of 780
Euros.
Obviously, the STBs do not bid in the same
manner in the two types of bidding and the
comparison of the two mechanisms is not
obvious. Mexico changed the bidding procedure in 1990 in favour of discriminatory bidding. The United States, on the other hand,
gave up discriminatory bidding in 1998 for
uniform bidding. Is uniform bidding more profitable for the State? Should France also
change its mode of auction?

One has to compare two situations whereas there are data for only one of
them
The answers to such questions concerning
purchase options for the sale of wine or discriminatory biddings for bonds are important.
The amounts involved can be considerable:
185 billion Euros in the year 2000 for the award
of Treasury bonds and several tens of million
Euros per annum for Drouot. How does one
solve problems of this type? The most effective method would consist in carrying out a
real-life experiment. Thus, in the auction of
Treasury bonds, it would be necessary to resort
to the two modes of bidding in parallel to
compare the results. In the same way, for the
sale of wines through auction, it would be
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necessary to carry out both modes of bidding,
the one with and the one without purchase
options, to compare the behaviour of the bidders. Unfortunately, it is very seldom possible
to set up such experiments. We are thus
confronted with the following problem: to
compare two situations by having information a priori only about one of them
The solution of our problem utilises a complex mathematical procedure. Initially, it is
necessary to model the behaviour of the bidders. Bidders are characterised by the maximum price that they are ready to pay to obtain
the object on sale, price which one calls their
valuation. In this model, each player knows
his own valuation, but does not know the
valuations of the other players. He only makes
a guess about the valuations of the others and
this guess can be represented by a function f
which specifies the probability with which the
various values are taken: f(v) is the probability that the bidder allots the value v to the
goods to be sold. The optimal bidding strategy, i.e., the price that he must offer according to his own valuation, is obtained by finding the Bayesian Nash equilibrium (see the
preceding article, by Jean-Jacques Laffont).
One can thus model, from a theoretical
point of view, two concrete situations which
one wants to analyse, making it possible to
compare them theoretically. This comparison
depends obviously on the choice of the function f. If, whatever the function f, one of the
two situations dominates the the other (for
example, if discriminatory bidding allows the
State to earn more income than uniform bidding, whatever the beliefs of the STBs as defined by the function f), it is possible to arrive
at a conclusion. In general, the situations to
be analysed are too complex for such domi-
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nance to occur. At this stage one gets conclusions of the following type: if the function f
is of a certain kind, then Drouot will find it
beneficial to maintain purchase options, but
if the function f is of some other kind, this is
no longer the case. The problem thus comes
down to that of effectively knowing this function f.
It is the comparison between real data and
the predictions of the theory which makes it
possible to determine f. Indeed, if one chooses
a given function f, the model of the behaviour
of the bidders and the equilibrium strategies
which it calculates tell us what the bidders
should bid. It is then enough to compare these
predictions - computable since we made a
choice for the function f - with actual data. If
they coincide, it is that the chosen function f
was accurate; otherwise, it is necessary to start
again with another function.

Two types of econometric methods to
assign probabilities to bidders'
valuations
It is not possible in practice to test all the
conceivable functions f one after the other:
there is an infinity of them! To determine f,
one must call upon methods called econometric methods. One can classify them in two
main categories: parametric methods (in which
one assumes that the function f is completely
characterised by a certain number of unknown
parameters) and non-parametric methods
(which make no a priori assumptions about f).
The latter ones, which are more general, but
also more complicated, were developed starting from the end of the 1950’s, but it is only
very recently that researchers have succeeded
in adapting them to the problem of estima-
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ting our famous function f. Once this function
f is found (or, equivalently, the values of the
parameters defining f in the parametric
methods have been found), it is enough to
compare the two situations being studied to
find out which one dominates the other, which
one is more advantageous from the point of
view of the seller.

Purchasing options and discriminatory bidding: models show that
these procedures are advantageous
for the seller
It is this method which allowed us to answer the question about using purchase options
in wine auctions at Drouot, posed at the beginning of this article. We first developed two
theoretical models, one with the purchase
option and the other without the option, and
calculated the Bayesian equilibriums in the
two situations. We then went to Drouot to
obtain data (selling price of the wines, characteristics of these wines, etc.), then we
applied a parametric estimation method to
our theoretical model with purchase options.
It is important to note that all wines are not
identical (year, colour, chateau, level, label,
etc.) and therefore it is necessary to carry out
an estimate of the function f for each category of wine. Once these estimates were made,
the theoretical model without purchase option
enabled us to calculate the income which the
auctioneer would have had if he had not used
the purchase option method. The first conclusion of this study is that the use of purchase
options allows the auctioneers to increase their
income by 7% compared to the situation
without purchase option.
Starting from data regarding the sale of
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French Treasury bonds in 1995, we have implemented the same type of procedure for comparing the two kinds of auction (uniform bidding versus discriminatory bidding). The results
of this work show that with discriminatory
bidding, the State income is 5% higher than
what it would have been with uniform bidding. Thus, in this problem as in that of wine
auctions, elaborate econometric models can
answer questions which it would have seemed impossible to answer because of the
absence of data concerning one of the two
situations to be compared.
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Puzzles
for airline companies
Jean-Christophe Culioli

Problems of organisation and planning faced by an airline company are
similar to those met with in other sectors of industry.
Operations research, with which tens of thousands
of mathematicians and engineers in the world concern themselves, tries
to solve these problems as well as possible.

a

ir transport is a complex activity. It brings
into play heavy investments (such as planes
and maintenance infrastructure), highly qualified personnel (such as navigating personnel)
and real-time expensive data-processing (reservation and management systems). It is also a
sector where competition is intense, where the
posted prices do not always reflect
instantaneous production costs. So
to be competitive and safe at the
same time, an airline company must
be managed with precision.

In order to achieve this, it has to call
upon optimisation techniques specific to each stage of the activity. One
gathers these mathematical techniques under the name of operations
research. This field was born under
the impetus of the military needs of
the Anglo-Saxons during the Second
World War, with the beginnings of
computers and of methods known as
linear programming (see box).

Operations research has developed considerably since then and has penetrated the business and industrial world. Given the stakes, its
methods are sometimes confidential.
Operations research is supposed to solve
questions of time scheduling, task allocation,
sequencing of manufacturing stages, etc., where

To use its fleet in the best way possible, an airline company must carefully establish its
maintenance programme and its flight programme, plan the work of the personnel on
the ground and the rotation of crews, etc. These are difficult problems of operations research,
which use equations involving several thousands of unknowns. (Photo Air France)

Puzzles for airline companies
a number of variables and constraints are present and the solution has to be the best possible one - in the sense of being cheaper, or
taking less time, etc. An elementary example
of a problem of operations research is the one
of assigning, in a company which has 50 tasks,
a specific task to each of the 50 employees,
taking into account the aptitudes of each one.
The best solution to this problem can, of course,
be obtained by going through all the possibilities and evaluating each one, then choosing
the most suitable one. But this is completely
out of the question in practice: an astronomical number of possibilities, namely 50! = 50 x
49 x 48 x ... x 3 x 2 x 1 (approximately equal to
3 x 1064), would have to be explored. Even if a
computer could go through a billion possibilities per second, it would take 1048 years to go
through them all, much longer than the estimated age of the Universe (approximately 1010
years)!
From this example, one can imagine the
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ingenuity which operations research must
bring to bear to deal with such problems in a
realistic way, within an acceptable amount of
computing time. Moreover, various computational tools and varied mathematical techniques (algebraic, probabilistic, numerical,
etc.) enter into the design of its methods.
Although it was born more than fifty years
ago, operations research is still a young science:
hardly more than three years pass between
the moment when a new method is conceived in a research laboratory and the moment
when it is applied in actual production, after
having passed through the engineering and
design department. In the airline sector, the
stakes are such that they have led to the creation of many companies devoted to mathematical and computational service and consultation, groups like Sabre, which arose out of
the operations research department of the
company American Airlines, the company
Adopt, which arose from the laboratory Gerad
(Groupe d’études et de recherche en analyse

Linear programming
Linear programming is the mathematical problem which consists of determining positive quantities x1,
x2, …, xN which minimise a certain ``cost'', assumed to be equal to c1x1 + c2x2 + ... + cNxN, where c1, c2,...,
cN are known numbers, and the xi are in addition subject to constraints expressed by linear equations (A1x1
+ A2x2 + ... + ANxN = B, where the Ai et B are known numbers which depend on the actual problem). A
large number of questions in operations research can be formulated in these terms. If the statement of the problem of linear programming is relatively simple, its solution is far from being simple, the more so as the number N of unknown quantities to be determined can reach in practice several thousands. This apparently trivial problem, but of capital importance for its applications, is at the origin of the most significant research
in optimisation for the last thirty years. In 1947, the American mathematician George Dantzig put forward
the excellent simplex algorithm which is still frequently used. In the 1970’s and 1980’s, other competing algorithms made their appearance. The year 1984 marked a turning point: a young mathematician working in
the United States, Narendra Karmarkar, discovered a particularly efficient linear programming algorithm
(having so-called polynomial convergence). The ideas underlying his method initiated a active wave of research
(method of interior points) pursued simultaneously by thousands of mathematicians in the world. Thanks to
their efforts, industry now has a palette of very powerful linear programming algorithms.
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des décisions) of the University of Montreal,
or French companies like Eurodecision, Ilog,
or Cosytech.

Optimal programming of flights,
allotting an aircraft to each flight,
minimising the downtimes
To use its fleet of aircraft - the greatest
asset of any airline company - as efficiently as
possible, it is necessary to start by establishing
an optimal maintenance programme, by fixing
the times of the minor and the major technical inspections that each plane must undergo.
As a grounded plane does not brings in any
revenue, one must minimise the downtime of
each aircraft by taking into account the schedules and the qualifications of the agents, the
availability of hangars, etc. The equations to
which the problem leads are not linear.
Therefore they present some difficulties, but
sufficiently effective methods to treat them
have been developed of late.
Once the maintenance programme (for a
period of 6 months to 10 years) has been established, one must establish an optimised flight
programme. After having constructed a net-

Airline companies seek to reduce as much as possible the time their
aircraft have to remain on the ground, while taking account of multiple constraints: a plane on the ground does not bring in any revenue. (Photo Air France)
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work - a list of routes to be operated along
with the associated schedules, according to
the forecasted market share and the windows
allotted to each company by the IATA
(International Airline Transportation
Association) - one determines which type of
aircraft (Airbus 340, for example) will be best
adapted, technically and economically, for carrying out each of these flights. The data which
enter into the optimisation programmes are
the characteristics of the plane (capacity, performance), estimated number of passengers,
etc. Developing the programme of flights
requires optimisation techniques calling upon
statistics and probability theory, as well as integer linear programming algorithms (where
the unknowns represent integers).
It is then a question of arranging the flights
and the maintenance operations of each plane
so as to satisfy all the operational constraints
(authorised successions or otherwise, maintenance rules, etc.), while minimising the possible consequences of technical breakdowns,
unforeseen delays, etc. This optimisation problem, known as aircraft schedule construction,
is modelled as a very large integer linear programming problem. To be solved exactly, it
requires the application of a decomposition
technique (column generation, Lagrangian
relaxation).
Finally, for each aircraft schedule, it is
necessary to determine which particular plane
will be assigned to it, in accordance with the
maintenance constraints of each aircraft (the
number of hours of flight, the number of landing/takeoff cycles before each maintenance
inspection, etc.). This matriculation is generally achieved by a method of ``dynamic programming''. Introduced by the American
Richard Bellman in the 1950’s, this step consists
of breaking up the initial decision problem

Puzzles for airline companies
into several simpler problems which can be
solved one after the other (dynamic programming can apply equally well to the calculation of the optimal trajectories of the
planes and to the determination of financial
investment strategies).

Planning problems can take on
various forms, and so does the
underlying mathematics
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number of variables (often several thousands
or more). Nevertheless, efforts of operations
research have borne fruit and today one has
very good algorithms for a vast majority of
situations. But nobody in this field can rest on
his laurels: research must continue, as the performance of the company depends on it.
Jean-Christophe Culioli
Directeur de la recherche opérationnelle
Air France

As each plane has a precise programme
determined in advance, one can then try to
maximise its expected revenue by opening or
closing reservation for various classes according to the likely demand by customers. This
is a very classic problem in aviation, in the
transport of passengers by rail, in car-hire firms
and in hotel chains. It is a stochastic optimisation problem where it is necessary to maximise the revenue F in the probabilistic sense,
i.e., to maximise the expected revenue F knowing that F depends on random variables xi
(the xi can, for example, stand for the number of passengers in each of the classes, with
constraints of the form A1x1 + A2x2 + ... + ANxN
= B, where B represents a capacity).

Some references:
It is necessary to add, to all that precedes,
planning for ground personnel (size of the
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Geometry in 11
dimensions to
understand Genesis ?
Maurice Mashaal

Physicists have aspired for a long time to building a theory which would
cover all the elementary particles and all their interactions.
Since about twenty years ago, they have a trail that is promising.
But to explore it, they must navigate in highly
abstract spaces where even mathematicians had not yet ventured

e

very reasonable person knows that scientists such as physicists or chemists make use of
mathematics. But few know to what extent
this is so, and how deep the interactions between mathematics and the natural sciences
is. Galileo said that the book of Nature is written in the language of mathematics. This idea
is fully confirmed by the modern development
of science and particularly that of physics.
There is more to it than mere confirmation:
many thinkers are astonished to note that
mathematical discoveries or inventions always
end up being used for the description of some
aspect of natural phenomena. It is the astonishment at the ``unreasonable effectiveness
of mathematics in the natural sciences'' of
which the physicist of Hungarian origin Eugene
P. Wigner (1902-1995) spoke.
One doesn't really know why mathematics is
so ``effective''. This question, which belongs
to the philosophy of knowledge, is still open.
We will not try to answer it here, but merely
illustrate this effectiveness in the field of the

most theoretical and the most fundamental
physics, which a priori does not have any material utility - but which has nevertheless given
us such crucial inventions as the laser, the transistor or nuclear energy...

Physics and mathematics, a long history of mutual contributions
The links between mathematics and physics are not recent. Isn't the Archimedes' principle (`a body floating in a liquid undergoes
an upthrust equal to the weight of the volume
of the displaced liquid') a mathematical statement about a physical phenomenon? Did
physics not have a spectacular period of
growth thanks to the creation of infinitesimal
calculus by Newton and Leibniz in the 17th century? What's more, these bonds do not always
go in one direction, mathematical tools being
invented first and then being applied to problems in physics. To mention just one example
among many: it is while studying the problem

Geometry in 11 dimensions...
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of heat propagation that
the French mathematician
Jean-Baptiste
Joseph
Fourier (1768-1830) conceived his ``Fourier series''
(which are infinite sums of
trigonometric functions),
which have since then
played an extremely important role in science and
technology.
The Physics of the 20th
century is rich in interactions
with mathematics. This is
the case with the two great
theories born at the beginning of this century, the
relativity theory of Einstein
and quantum mechanics.
Einstein's (general) relativity is a theory of gravita- A myriad of very remote galaxies viewed through the space telescope Hubble. Gravitation being a key
element of the birth and the evolution of the Universe, specialists in cosmology would like to finally
tion which supplants that of have a description of the gravitational force compatible with the principles of quantum physics. Will
Newton; it rests on radically string theory grant this wish? (Photo R. Williams/HDF (STSci) /NASA)
different concepts, related
to the non-Euclidean geometries introduced its turn stimulated purely mathematical
in the 19th century when nobody suspected research.
that such mathematics could have any relationship to reality.
In the same way, when mathematicians The physics of elementary particles, a
started studying ``Hilbert spaces'' (abstract field where very abstract mathemaspaces whose points can be - for example - tics is deployed
functions satisfying certain technical condiLet us look a little more closely at one of
tions), at the beginning of the 1900’s, nobody
suspected that no more than only twenty years the ways in which quantum physics has develater, the mathematics of Hilbert spaces was loped: the study of elementary particles and
going to constitute the right framework for of their interactions. In the course of the
formulating the laws of quantum mechanics decades 1930-1950, a theoretical framework
(which manifest themselves especially at the called quantum field theory was worked out;
it is extremely complicated, both from the
atomic and subatomic scales).
Conversely, fundamental research in gene- point of view of the concepts as of the matheral relativity or in quantum mechanics has in matical techniques involved. It is within this
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framework, and with the discovery of new
particles thanks to particle accelerators, that
physicists found out that the world of elementary particles possesses a certain number
of symmetries. The theory of groups, an important branch of mathematics founded in the
19th century, played and continues to play a
crucial role in the elucidation of these (for the
most part abstract) symmetries. It is thanks to
it that, on several occasions, theorists have
been able to predict the existence of certain
particles a few years before they were actually
discovered by the experimentalists.

A vibrating closed string has a whole number of peaks and troughs.
Various subatomic particles (electrons, photons, etc.) would correspond to the various vibrational modes of a tiny fundamental string.

In the years 1970-1980, the theory of elementary particles had arrived at the point
where it was able to describe in a satisfactory and unified manner all known particles
and almost all their interactions. Why
``almost''? Four fundamental interactions
are known - the gravitational force, the
electromagnetic force and two forces acting
on the nuclear scale, the weak interaction
and the strong interaction; however, physicists did not succeed in incorporating the
gravitational force into their theory called
the standard model of particle physics.

L’explosion des mathématiques
To reconcile gravitation with quantum physics: a fundamental challenge
which seems to be within reach of
string theory
What does this exception mean?
Gravitation seems to be correctly described
by the general relativity of Einstein, but
Einstein's theory is not a quantum theory,
i.e., it does not incorporate the principles of
quantum physics (which are quite strange,
let it be said in passing). However, one does
not at all see why gravitation should be
exempt from the quantum laws which the
rest of Nature obeys. Hence the obstinacy of
theoretical physicists to bringing gravitation
into the quantum fold. In spite of several
decades of effort, they have not succeeded
in doing so.
However, since the middle of the 1980’s,
many of them believe that they have found
the right track. Indeed, it was at that time that
a new theory, called the theory of strings,
which is still unfinished but holds a lot of promise, gained sufficient coherence for it to be
taken seriously. The exact context and the precise reasons which pushed theorists in this
direction are too technical to be explained
here. It is also impossible to explain in a simple
way what string theory is. Let us just roughly
say that it posits that the fundamental physical objects are not point particles (the underlying ``philosophy'' of the traditional quantum field theories), but tiny strings without
thickness - small portion of a line of some sort;
and that the various particles observed at our
scale correspond to different vibrational modes
of these strings, a little like the various musical notes which are nothing but different vibrational modes of a violin string.

Geometry in 11 dimensions...
For string theories to be consistent, it
is necessary that space-time have 11
dimensions
String theories (theories in the plural
because there are in fact several variants) are
still preliminary and formidably complex. A
number of their aspects remain to be clarified.
Moreover, for the moment it is impossible to
test them experimentally because the energies that would be required are completely
inaccessible, even with the most powerful particle accelerators that we have. But they are
alluring to theorists because these (quantum)
theories incorporate gravitation in a natural
way, apparently without running up against
the obstacles which surfaced in the earlier theories.
If physicists succeed in constructing a complete and consistent theory of strings, they
will be able to make a precise study of violent
(i.e., of very high energy) gravitational phenomena which take place in the cosmos, such
as the collapse of a massive star onto itself,
the physics of ``black holes'', etc. Also, one will
be able to understand better the mysteries of
the very first moments of the birth of the
Universe - the first moments of the famous
Big Bang, one of the most violent events. A
quantum description of gravitation will cer-
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tainly render it possible to make a qualitative
and quantitative leap in our understanding
of the Universe, of its origin, and of its evolution.

But, as was said above, string theories are
very complicated. They involve very sophisticated mathematical techniques, often the product of the most recent research. In fact, the
specialists who study these theories include
both physicists and mathematicians (several
winners of the Fields medal, the highest award
in mathematics, have devoted a significant
part of their work to string theories; such is
the case of the American Edward Witten, or
of the Russian living in France Maxim
Kontsevitch). It was, in particular, established
that string theories cannot be consistent unless
we take space-time to have not four dimensions (three dimensions of space, one dimension of time), but many more: 11 dimensions
at the last count! These seven additional
dimensions, imperceptible to our senses
because they are supposed to be wrapped up
over themselves in tiny loops, contribute to
the abstraction and the difficulty. The theorists' need to handle strings and other objects
in spaces having such a number of dimensions
created an excellent ground for collaboration
between physicists and mathematicians.
Research in this field has benefited
string theory as much as various
branches of fundamental mathematics. It is a beautiful example, in
the history of physics and mathematics, of an intimate connection
between these two disciplines,
research in one field fed by the
results of the other. But the game
is well worth it: although string
Diagrammatic representation of the interaction between two strings. In the course of
time, which flows from left to right in this diagram, a closed string sweeps out a sur- theories are still highly speculative,
face similar to a tube.
it is a question of nothing less than
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Edward Witten, one of the principal craftsmen of string theory. One
doesn't know if he should be considered a physicist or a mathematician... (Photo: DR.)

penetrating the enigmas of the infinitely small
and the infinitely large, i.e., ultimately, the
question of our origins.
Maurice Mashaal
Science journalist
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Internet: modelling
its traffic for managing
it better
François Baccelli

Specialists in communication networks try
to understand the statistical properties of the data traffic
which they have to route. The management and the development
of these networks depend upon it.

c

ommunication
networks (telephone, Internet,
local area networks, etc.) have
undergone a phenomenal expansion
in the last few
decades. For their
operators, a central
question is knowing how to
control the flow of The Internet is not a centralised network as the previous communication networks were. Such structural
information in an changes have major effects on the mathematical properties of the data traffic. (Photograph: Getty Images)
optimal way, in
order to avoid any bottlenecks and to offer
The mathematical analysis of traffic in comusers a service of good quality which is fast
munication networks is already an old subject.
and reliable. A thorough knowledge of the It goes back to 1917, with the work of the Danish
properties of the communications traffic in engineer Agner K. Erlang. His approach, contisuch networks is essential for the conception nued by many other researchers, provided the
of effective information flow control procemain mathematical tools for designing used by
dures or the correct design of the necessary the operators and the manufacturers of netsoftware and hardware equipment.
works until the year 1990 or thereabouts.
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Until the 1990’s, modeling the traffic
by traditional statistical laws was
adequate
The mathematical procedure explored by
Erlang and other researchers and engineers
after him is Markovian in principle. This means
that the description of the traffic is based
upon a simple model of random processes,
called Markov chains, for which the mathematical theory is quite advanced and powerful (Andreï Markov (1856-1922) was a Russian
mathematician who made important contributions to probability theory).
In simple terms, a Markov chain is a succession of random events in which the probability of a given event depends only on the
immediately preceding event. In the framework of communication networks, the
Markovian approach of Erlang assumes that
the statistical laws characterising the traffic
are Poisson distributions; the Poisson distribution, named after the French mathematician Denis Poisson (1781-1840), is one of the
most widespread and simplest laws of probability and statistics.
The Poissonian assumption proved itself
to be justified for telephone traffic (where
the random events are calls by the subscribers, which occur at random times and of
which the duration is also random).
This kind of traffic model permitted the
setting up of adapted control procedures.
Until quite recently, the control of the communication networks was a control of admission, i.e., the operator would refuse the user
access to the network when he could not guarantee a preassigned quality of service.
This type of control requires a rather precise knowledge of the state of the network as
a whole, and it is thus applicable only to net-
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works which are managed in a centralised
manner.
But today's communication networks are
not the same as yesterday's. Internet has undergone an extraordinary development in the last
five years (it is estimated that the voice communications traffic accounted for 90% of the
total traffic in 1997, it was 50% in 2000 and
it will represent only 10% within a year or
two).
This growth has radically changed a situation which was stable for more than half a
century. The main reason for this rapid development lies in the use, for routing information and controlling traffic, of new decentralised protocols such as IP, or Internet Protocol
for routing, and TCP, or Transmission Control
Protocol for control, which make the Internet
an indefinitely extensible network.

The statistical properties of the traffic changed. It was necessary to
understand how and why
These structural modifications had effects
on the traffic and its statistical properties, and
one had to develop a mathematical theory
adapted to the new situation. Indeed, statistical analyses carried out in the middle of the
1990’s by researchers at Bellcore in the United
States and at INRIA (Institut national de
recherche en informatique et en automatique)
in France showed, first for local area networks
and then for the Web, that the traffic could
no longer be described using Poisson's probability distribution.
In particular, long memory random processes (where the probability of an event
depends on events which happened relatively
far back in the past) were observed, which
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excludes the usual modelling based on traditional Markovian processes. Often these processes also display statistical properties known
under the name of multi-fractality, which
means a great irregularity. It so happens that
all these statistical properties have important
consequences, for example, for dimensioning
of router memories; not taking them into
account could result in underestimating the
loss of information packets by the network,
leading to dysfunction.

tistics is rather well understood. One has been
able to establish that it arises directly from
the statistical distribution of the size of the
files stored in Web and FTP (File Transfer
Protocol) servers, as well as, the size distribution of the files requested by users at the time
of HTTP (HyperText Transfer Protocol, used
when surfing the Web) and FTP requests. Their
statistical graph, i.e. the curve representing
the number of files consulted or exchanged
according to their size, decreases less rapidly
than the exponential on both sides of the
maximum: their law of distribution is said to
be sub-exponential. It has been shown that
the sub-exponential statistical laws obeyed by
the individual behavior of the Net surfers,
superposed a large number of times - given
the large number of Net users - leads to, as a
direct consequence, the phenomenon of the
long memory characterising global traffic.

Since the first articles putting forward the

Analysing the TCP protocol and its
effects in order to improve the management of the Internet

Net surfers in a cybercafé. A good knowledge of the statistical properties of data flow in the Internet network is essential for the Web
to work smoothly. (Photo Frank Moehle)

new statistical properties of data traffic appeared, many papers have been published in order
to explain them. Today, the origin of the long
memory phenomenon observed in traffic sta-

This does not clear up everything. Current
work concentrates on explaining statistical
properties of the traffic on small time scales,
multi-fractality in particular. The most widespread hypothesis is that this property results
from the control protocols being used, and in
particular the TCP. But what is this TCP protocol, which currently controls nearly 90% of
the traffic on the Internet? It is an adaptive
flow control system, where the amount of
information emitted by a source is governed
by an algorithm which increases the flow of
emission linearly in the course of time as long
as no bottlenecks occur; but as soon as losses
are detected, the algorithm halves the flow
of emission.
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It is this adaptive control which regulates
every response to congestion in the network.
Its mathematical analysis presents many difficulties because of the decentralised, stochastic (bottlenecks and the losses occur randomly),
non-linear (the effects are not directly proportional to the cause), complex (very extensive network involving interactions between
many intermediate routers) character of the
situation. It so happens that developing models
integrating all these elements is a major stake,
whether it is a question of defining the rules
for dimensioning the network or optimising
the flows or predicting and controlling the
random variations in the quality of the service
provided by the network to its users.

Scientific challenges and economic
stakes which spur academics and
industrialists
Such a task requires the efforts of scientists in very diverse fields (statistics, the theory
of probability and queuing theory, non-linear
adaptive control systems, the theory of large
stochastic networks, dynamical systems) which
go beyond those of the traditional approach.
In the last few years, a large number of
models, some of them simpler than the
others, have been proposed. Some of them
account for the multi-fractality of the global
traffic, a property mentioned above; others
make it possible to evaluate if the sharing of
the same communication channel between
several data flows controlled by TCP is equitable, etc.
Current research also concentrates a lot
on the analysis of DiffServ, a differentiation
method for the services on offer based on the
creation of priority classes for the exchange
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of data. This appears to be the only extensible
method capable of improving the quality of
service provided by the Internet. Another
important direction concerns the adaptation
of UDP (User Datagram Protocol), a protocol
used for the transmission of video and voice
data, which are not controlled by TCP, in particular with the aim of defining transmission
modes for these flows which would be compatible with TCP.
Faced with these questions, which present
scientific challenges and economic stakes of
primary importance, the academic world and
the industrial world are organising themselves.
How?
Most of the big industrial groups in information technology and the network operators have formed high-level research teams
which have been assigned the job of modelling the traffic and control in data networks,
particularly the Internet. There is an equal
effort on the part of the academic world, in
particular in the United States, in Europe and
in some Asian countries, where interdisciplinary collaborations have been set up between
mathematicians and computer scientists or
electrical engineers.
The agency which has the greatest
influence on the evolution of the Internet is
without doubt the IETF (Internet Engineering
Task Force, cf. the address http://www.ietf.org).
It is open to every one, whether he is a network designer, researcher or operator. Its activities are conducted in the form of working
groups dealing with several fields such as routing, security, transport, congestion control,
applications, etc. These working groups have
been entrusted with making recommendations, some of which will become standards.
Validating these recommendations by mathe-
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matical studies of the type evoked in this
article constitutes an important component,
and sometimes the decisive component, of
the work of standardisation.
François Baccelli
INRIA (Institut national de recherche en
informatique et automatique) et
École Normale Supérieure
(Département d’informatique), Paris
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Financial
options pricing
Elyès Jouini

The financial world fixes the price of options by means of formulas
which have been obtained thanks to relatively recent work
in mathematics. The search for better formulas continues...
and small-time speculators are not the only ones who are interested!

i

In the preface to the fourth edition of his Éléments d'économie politique pure ou théorie de la richesse
social, published in Lausanne in
1900, Léon Walras wrote: ``All this
theory is a mathematical theory, i.e.
although it can be explained using
ordinary language, the proof must
be provided mathematically''. A little
later, he even added: ``It is now quite
certain that political economy is, like
astronomy, like mechanics, an experimental and a rational science at
New York Stock Exchange on a lucky day. Mathematics has had a great influence on
the same time...
The 20th century, which is not far, the world of finance for more than twenty years. Reciprocally, the financial world provides problems which stimulate research in certain fields of mathematics. (Photo Gamma
will feel the [...] need to place the Connection/Gifford)
social sciences in the hands of eduI would like to show, through the following
cated men, accustomed to handling induction
and deduction, reasoning and experiment, at example which is borrowed from the world of
finance, how mathematics and economics contithe same time.
Mathematical economics will then take its place nue to maintain extremely close links and that
there is a real cross-fertilisation between the subalong with astronomy and mathematical
jects of current interest in each discipline.
mechanics''..

Financial options pricing
The problem which will interest us here is
the valuation of financial options. The question is as old as the options themselves, of
which one can find a trace, for example, in
Antiquity and in the 17th-century tulip market
in the Netherlands.
It was however only in 1973, as we shall
see later, that this question found its first
mathematically satisfactory answer. And it is
not a coincidence that the first organised
options market, the one in Chicago, made
great strides, which have not abated since, in
the same year
What is a financial option? Let us consider a certain asset quoted on financial markets at the price S today. By means of an
option, financial markets offer potential
buyers the possibility of buying this asset at a
later date, let us say in three months, at the
price K. This may interest, for example, a buyer
who does not yet have the necessary funds
and who wants to guard himself against a rise
in the price of the asset.
Such an option is a kind of insurance
contract which confers the right to buy the
asset at a later date at the guaranteed price
K. Obviously, this right itself has to be sold at
a certain price, but at what price? Such is the
question of the valuation of the option price.
To speak in financial terms: what must be the
price of an option on the asset S, of ``strike
price’’ K and maturity of three months?
It is clear that the buyer of such a right
will exercise it only if the price of the asset in
the market is higher than K in three months.
He will then be able to buy the asset at the
price K and resell it at the current price, thereby making a profit equal to the difference.
In three months, the buyer of the option
makes a profit equal to the difference bet-
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ween the current price of the asset and K, if
this difference is positive, and none otherwise.

The principle of non-arbitrage is the
basis for determining the price of
financial assets
To fix the price of such an option, the
theory of arbitrage relies upon a very simple,
indeed simplistic, principle: the absence of
arbitrage opportunities. In other words, this
principle affirms that it is not possible to guarantee, come what may, a positive profit at a
later date by making zero investment today
(nothing comes from nothing). The principle
of the absence of arbitrage opportunities does
not mean that miraculous profits are impossible. Indeed, I could very well borrow the
money to buy a lottery ticket - my personal
contribution is thus zero - then go on to win
a million Euros, refund the loan and make an
enormous profit. The principle only states that
such an outcome could not have been guaranteed a priori. Indeed, in the preceding
example, I could very well win nothing and
be obliged to refund my loan: I have thus
taken the risk of suffering a loss.
Thus, the absence of arbitrage opportunities means quite simply that any profit higher
than the yield of a riskless asset (interest rates,
bonds, Treasury bonds, etc.) is necessarily related to some risk. The SICAVs, for example,
have an average yield higher than that of the
monetary market; however, this yield is not
guaranteed and may very well pass below that
of the money market, as we saw it in the year
2001.

To simplify the problem, let us suppose
now that the market functions only on two
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days, today and in three months, and that the
price S of the asset in three months can take
only two values, namely 100 Euros and 150
Euros. Let us suppose moreover that K, the
purchase price agreed upon for the asset after
the expiry of the option, lies between the high
value of Sh = 150 Euros and the low value of
Sb = 100 Euros, for example K = 140 Euros. If
the price of the asset in three months is the
higher value 150 Euros, the holder of the
option exercises his right and buys it at the
price of K = 140 Euros agreed upon beforehand; the profit associated to the option is
thus Sh - K = 150 - 140 = 10 Euros. If the price
of the asset in three months is the lower price
100 Euros, the holder of the option does not
exercise his purchasing right at the price K,
which is higher; the profit associated with the
option is, in this case, none.
One can show that such a profit can also
to be made by constituting a portfolio comprising only assets and investments (or loans)
at the interest rate prevalent in the market,
which we will denote here by r. Let C be the
cost of constituting such a portfolio. Two assets
with identical yields have to have the same
price (it can be proved that otherwise the principle of non-arbitrage would be violated), one
concludes that the price of the option must be
equal to C.
The cost C of the portfolio, equal to the
price of the option, can be determined in a
precise way. One shows that C is a weighted
average of the discounted option payments,
that is to say a weighted average of the
amounts (Sh - K)/(1 + r) and 0/(1 + r) = 0, and
that the weights appearing in this average are
such that the price S of the asset today is itself
a weighted average of the discounted asset
payments (Sh/(1 + r) and Sb/(1 + r)), with the
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same weights. More precisely, one proves that
there is a probability such that the price of any
asset is equal to the expectation, calculated
according to this law, of its discounted future
payments. This result is deduced from elementary linear algebra and is related to the
simple model presented above. But thanks to
the techniques of convex analysis, which were
developed in the middle of the 20th century, it
can be extended to the case where the asset
price can take several different values (finite
in number).

Stochastic calculus: when finance
and mathematics enrich each other
However, if one wishes to adhere more
closely to reality and considers a model in
which time is continuous and the asset price
has a continuum of possibilities, it is necessary,
to interpret the simple principle of arbitrage,
to appeal to more advanced concepts of probability theory which were developed in the
second half of the 20th century. More precisely, one appeals to the theory of stochastic
processes (processes in which quantities evolve
randomly in the course of time) and the theory
of stochastic differential equations (differential equations involving random quantities).
The most recent developments in these fields
are closely related to problems encountered
in finance
These models assume that the price of a
asset evolves with a deterministic (non-random) yield, to which is added a random term
with zero mean and amplitude specific to the
asset under consideration. This random fluctuation is called volatility and can depend on
time and on many other endogenous or exogenous events. With these assumptions, one

Financial options pricing
finds that the price of the option obeys a certain partial differential equation (differential
equation where the unknown function
depends on several variables). In the simplest
case, studied in 1973 independently by the
Americans Fischer Black and Myron Scholes
on the one hand and Robert Merton on the
other, this equation is the same as the equation of heat propagation, well-known to physicists. It is then possible to solve it explicitly
and to determine the price of the option according to its own characteristics (expiry, price of
exercise) as well as the the asset price and its
volatility: this is the formula of Black-Scholes
and Merton, for which Scholes and Merton
got the Nobel Prize in Economics in 1997 (Black
died in 1995).
This formula and its variants are used in all
the money markets of the world. Programmed
on all the computers of the market rooms, utilised innumerable times every day, they are the
very example of the possible relationship between theoretical mathematics and concrete
applications. The formula of Black-Scholes and
Merton corresponds however to the simplistic
case where interest rates, average yield rates,
risk levels, etc., remain constant in the course of
time. As soon as we modify these assumptions,
the equations we obtain are no longer equivalent to that of heat propagation. The relevant
equations are a variant of this and they require
specific methods for their solution - implicit,
explicit or numerical. It is for working on some
of these equations that the French researchers
C. Daher and M. Romano, who were working
at that time at the Université Paris-Dauphine
and at the Caisse autonome de refinancement,
obtained in 1990 the IBM prize for intensive
numerical calculation.
Finally, if one tries to be even more realistic
by taking into account transactions costs, various
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constraints imposed by the market or the impact
of the number of transactions on the price, the
traditional techniques of stochastic calculus are
no longer sufficient. It is necessary to develop,
as has been done in the last few years, specific
tools like retrograde stochastic differential equations or the fine duality methods in optimal stochastic control. One then discovers, and this may
come as a surprise, that these new mathematical ideas, developed to solve economic and financial problems, turn out to be related to problems
that have been already encountered in geometry or in physics - for example the deformation of surfaces or the melting of ice cubes - and
that they throw a new light on them.
Elyès Jouini
Professeur des Universités, CEREMADE (Centre
de mathématiques de la décision)
Université Paris-Dauphine (Paris 9)
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Communicating
without errors:
error-correcting codes
Gilles Lachaud

For detecting and correcting the inevitable errors which creep in during
digital information transmission, specialists in coding theory make use
of abstract methods which arise from algebra or geometry.

w

e are in the digital era. What does that
mean? Quite simply that an enormous part of
the information exchanged across the planet
is actually represented in the form of numbers. E-mails, mobile telephony, banking transactions, remote control of satellites, image
transmission, CDs or DVDs, etc.: in all these
examples, information is translated - one says
that it is encoded (not to be confused with
encrypted) - into a sequence of integers, and
corresponds physically to electric or some other
signals. Even more precisely, information is
generally encoded in the form of sequences
of the binary digits 0 and 1, also called bits.
For example, in the ASCII (American Standard
Code for Information Interchange) code used
by microcomputers, capital A is encoded by
the byte (sequence of 8 bits) 01000001, capital B by 01000010, etc.
A major problem of information transmission is that of errors. A small scratch on a
disc, or a disturbance of the equipment, or
any parasitic phenomenon is enough for the

The Matrimandir géode built by the French architect Roger Anger
in Auroville (Tamil Nadu, India). In the construction of efficient
error-correcting codes, one encounters problems related to difficult
questions of pure geometry, such as how to cover a sphere by the greatest possible number of discs of the same size without any overlaps.

transmitted message to contain errors, i.e.,``0''s
which have been inadvertently changed into
``1''s, or vice versa. However, one of the many
advantages of digitising is the possibility of
detecting and even correcting such errors!

Communicating without errors...
The words of a message are lengthened, so that after deterioration one
can still recognise them
Such is the function of error-correcting
codes, which were first designed more than
fifty years ago, and at the same time as the
first computers. How do they work? The principle is the following: one lengthens the digital ``words'' which make up the message so
that some of the bits serve as control bits.
For example, in the ASCII code mentioned
above, one of the eight bits is a control bit:
it must be 0 if the number of ``1''s in the other
seven bits is even, and 1 otherwise. If the
value of one of the eight bits gets accidentally changed, the parity indicated by the
control bit is no longer valid and an error is
thus detected. The same idea is to be found
in many numbers which we come across in
everyday life. For example, in bank account
numbers, a letter-key is added to the number in order to be able to detect a transmission error. In the same way, the numbers on
Euro banknotes are encoded so as to avoid
counterfeits. In other words, the philosophy
of error-correcting codes is to compose redundant messages: each word of the message is
lengthened in such a way that it contains
information about the message itself!
A not very realistic, but simple and illuminating example of an error-correcting code
is triple repetition: each bit of the message to
be encoded is tripled, i.e., 0 becomes 000 and
1 becomes 111. This code makes it possible to
detect and to correct one possible error in a
triplet. Indeed, if we receive, let us say the
sequence 101, then we can immediately
deduce that the intended sequence is 111 (supposing that only one bit out of the three is
erroneous) and thus that the initial informa-
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tion was the bit 1. The triple repetition code
is not realistic because it is expensive: for each
bit of information, it is necessary to send three
bits; we say that its profitability rate is 1/3.
This rate has a direct bearing on the duration
necessary for the transmission of messages
and on the cost of communication.
A good error-correcting code must have
other qualities in addition to a high profitability rate. It also needs to have a good capacity for detecting and correcting errors, and
the decoding procedure must be sufficiently
simple and fast. This is the whole problem of
the theory of error-correcting codes: to
construct codes which detect and correct as
many errors as possible while lengthening the
messages the least possible, and which are
easy to decode.

The algebra of finite fields applies
naturally to codes because they use a
finite alphabet
Mathematics has been used in these questions for a long time. Already in 1948, the
American mathematician Claude Shannon, one
of the fathers of information theory, obtained
general theoretical results affirming that there
exist codes having optimal qualities in a precise technical sense. However, even though
Shannon's theorem proved the existence of
very good error-correcting codes, it did not
provide a practical method for constructing
them. In the 1950’s, one only had modest-performance error-correcting codes like Hamming
codes, named after their inventor, the American
mathematician Richard W. Hamming (19151998) (in these codes, which were extensively
used, the control bits are derived from the
information bits by simple linear equations).
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Olympus Mons, on the planet Mars, is the biggest volcano in the solar
system: approximately 600 km in diameter and 27 km in height!
This image was obtained in 1971-1972 thanks to the space probe
Mariner 9. The probe sent its information to Earth using an errorcorrecting code capable of correcting up to 7 erroneous bits out of 32.
In each group of 32 bits, 26 bits were control bits and the 6 others
carried the actual information. Today, one has even more powerful
error-correcting codes. (Photo NASA/JPL)

The specialists then started studying errorcorrecting codes and their properties in a systematic manner with the aim of concretely
constructing codes which would be as efficient, or almost as efficient, as the ones predicted by the theoretical results of Shannon.
To do this algebra was used extensively. If information is encoded directly in the binary ``alphabet'' of 0 and 1, the underlying algebra is that
of even and odd, known already to Plato (even
+ even = even, even + odd = odd, even x even
= even, odd x odd = odd, etc.). In fact, it turns
out to be more interesting to consider encoding ``alphabets'' having more than two digits
and to translate the result into binary
sequences of 0 and 1 only at the end of the
procedure. As an alphabet consists of a finite
numbers of symbols on which we wish to carry
out arithmetic operations, the underlying algebra is the one studied in the theory of the
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finite fields, created by the young French
mathematician Évariste Galois at the beginning of the 19th century while studying the
solvability of algebraic equations (a finite field
is a set of elements which are finite in number and which can be added, multiplied and
divided in a manner analogous to ordinary
numbers, the result of the operations remaining inside this set. The set consisting of 0 and
1, with the arithmetic rules of even and odd,
is the finite field of two elements; it is the simplest finite field).
Thus, it was using abstract and elaborate
algebra, related to the theory of finite fields,
that very effective error-correcting codes were
built, adapted to various types of information
transmission. Two examples among many
others are provided by the code used for
engraving digital audio discs (which makes it
possible to correct up to approximately 4000
consecutive erroneous bits, the equivalent of
a scratch of more than 2 millimetres on the
disc!), and the one used by the space probe
Mariner 9 to send us images of the planet
Mars.

Notwithstanding what this French stamp issued in 1984 says, Évariste Galois was not a geometrician but an algebraist. He was a pioneer of group theory and of the theory of finite fields used, in particular, by specialists in error-correcting codes. Provoked to a duel, Galois
died when he was barely 21 years old.
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A new family of codes making use of
the algebraic geometry of curves
Abstract algebra is not the only instrument available to the specialists in error-correcting codes. There is also geometry, more
specifically algebraic geometry. The starting
point of this vast area of modern mathematics is the study of geometric objects curves, surfaces, etc. - defined by algebraic
equations. Every high-school student knows,
for example, that a parabola can be defined
by an algebraic equation of the type y = ax2
+ bx + c, where x and y are the coordinates
of the points on the parabola. One can also
study curves defined over finite fields, i.e.,
in the algebraic equations which define
them, the quantities x and y are not arbitrary numbers but only elements of a certain finite field. By using such curves and the
associated algebra of the co-ordinates of
their points (which are finite in number), a
new family of error-correcting codes was
inaugurated approximately twenty years
ago: geometric codes. They have recently
allowed one to obtain new results about
binary codes and to construct codes which
are even more powerful than the the ones
predicted by Shannon's work. On the other
hand, the analysis of geometric codes has
led mathematicians to examine more closely
the number of points on an algebraic curve
defined over a finite field. This is a beautiful example of the positive feedback that an
applied field can provide to the theoretical
discipline which it uses.

Gilles Lachaud
Institut de mathématiques de Luminy,
CNRS, Marseille
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Reconstruction of surfaces
Jean-Daniel Boissonnat

Reconstructing a surface from the knowledge
of only some of its points: a problem that one comes across often,
be it in geological exploration, in recording archaeological remains,
or in medical or industrial imaging.
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hen we probe the ground in some
places to find out the configuration of various
geological layers underneath, or when we
want to map the sea-bed, the number of points
where measurements are made is necessarily
finite. The corresponding surfaces need to be
reconstructed starting from this limited
amount of data. The situation is similar for all
computerised imaging systems (scanners,
remote-sensors, three-dimensional imaging,
etc.) used in medicine, in industry, in archaeology, etc. The starting point is a real object -

which can be a part of the human body, a
machine part, an archaeological remain, a geological structure, or something else.
Instruments can measure this real object only
at a certain number of points from which we
have to reconstruct the shape of the object
virtually. This is the problem of reconstructing
surfaces (Figure 1). It thus consists in using a
finite number of points to provide a geometrical or a computer representation of the
object which will allow us to visualise it on a
screen, to store it in the memory of a compu-

Figure 1. The reconstruction of a surface starting from a sample of its points: this problem arises in various fields.
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ter, to easily carry out calculations, even to
modify the object or to give instructions by
remote control to get a copy tooled. In short,
once the form of a real object is digitally recorded with sufficient precision, there are many
possibilities for action and calculation

E is a division of space into convex cells (shown
in blue in Figure 2) where each cell consists of
the points of space closer to a certain point of
E than to any other point of E. Cells - they are
convex polyhedra - are thus defined in a unique
manner.

The economic and industrial stakes involved in the problem of surface reconstruction,
and its fundamental character from a scientific point of view, have led to many works devoted to it for some twenty years. But it is only
very recently that the specialists have formalised the problem in mathematical terms,
which enabled them to conceive efficient algorithms furnishing a faithful reconstruction.
The results of this so-called algorithmic geometry were transferred very rapidly to industry through the creation of young start-ups
(such as Raindrop Geomagic in the United
States), or by launching new products by the
leaders in computer-assisted design or in medical imaging (Dassault Systèmes, Medical
Siemens).

Now, let us connect by line segments the
points of E whose Voronoï cells are adjacent.
The set of these segments constitutes the
Delaunay triangulation (shown in green in
Figure 2) associated to E. These structures can
be defined in spaces of arbitrary dimension;
it is the case dimension three - of the usual
space - which is the most interesting one for
surface reconstruction. Voronoï diagrams
(Figures 2 and 3) are among the main subjects
of study in algorithmic geometry, and it is in
the 1980’s that their relationship with the
theory of polytopes (analogues of polyhedra
in spaces of dimension higher than three) was

Voronoï diagrams and Delaunay triangulations, two essential geometric
tools
For reconstructing a surface from a mass
of sample points, a large majority of algorithms
use a central tool in algorithmic geometry:
Delaunay triangulation, named after Boris
Delone (1890-1980), a Russian mathematician
whose name was rendered as Delaunay in
French. A Delaunay triangulation is defined in
a natural way starting from what is called a
Voronoï diagram, after the name of the
Ukrainian mathematician Georgi Voronoï
(1868-1908). Let us consider a finite set of points
in space and call it E. The Voronoï diagram of

Figure 2. The Voronoï diagram (in blue) and Delaunay triangulation (in green) of a set of points (marked in red). Voronoï diagrams
and Delaunay triangulations are fundamental tools in algorithmic
geometry.
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established. Their study in the context of surface sampling is much more recent.
Why are Voronoï diagrams and Delaunay
triangulations interesting ? If E is a sample of
n points taken on some surface S, one can
show that the corresponding Voronoï diagram
and Delaunay triangulation contain a lot of
information about this surface. When the
sample is sufficiently dense, it can be shown
to provide a precise approximation of the surface. For example, the vector which joins a
point P of E to the most distant vertex of its
Voronoï cell is a good approximation of the
normal on surface S at point P.

One should ensure that calculation
times remain reasonable, that the
algorithms are reliable
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portional to the square of the number of sample
points. It is, however, assumed that this situation does not arise in the case of well-sampled
surfaces. More precise results were very recently
obtained in the case of polyhedric surfaces S,
i.e. surfaces composed only of polygonal faces:
for such surfaces and under weak sampling
conditions, the size of the calculation for computing the triangulation is at worst proportional to the number of sample points. The case
of smooth surfaces is more delicate; it is currently the object of active research.
The theoretical bounds are not all; it
remains to know how to efficiently and rapidly
calculate the triangulation from a data set.
Many algorithms are known. The more efficient ones are called randomised because they
carry out certain random samplings during
their execution. The theory of randomised
algorithms developed very rapidly in the 1990’s

Several reconstruction algorithms are now
known capable of constructing a surface S'
which correctly approximates the real surface
S starting from a finite sample of points on S.
What's more, the theory of these algorithms
allows one to calculate an upper boundary for
the difference between S' and S', a boundary
which obviously depends on the sampling density.
As the data sets provided by measuring instruments generally contain several hundreds
of thousands - even millions - of points, combinatorial and algorithmic questions play a critical role. It is, for example, important to know
if the quantity of calculations which Delaunay
triangulations require will remain within a reasonable limit or not. In the most unfavourable
cases, the number T of calculation steps (i.e., in
the final analysis, the computation time) can
be quadratic; in other words, T is, at worst, pro-

Figure 3. The Voronoï diagram of a set of points on a curve.

and has led to precise analyses validated by
experiments. In many cases, and the calculation of the Delaunay triangulation is one of
them, the introduction of an element of randomness allows one not to try optimally to
solve the worst case (which is very improbable),
and has led to simple and very efficient algorithms on the average. One can thus treat

Reconstruction of surfaces
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samples of 100000 points in some ten seconds
(Pentium III with 500 MHz).
If it is important to calculate rapidly, to calculate reliably is even more important. This is
a delicate question because, in general, computers only know how to represent numbers
with a finite precision (a finite number of decimals). Thus it is impossible to give a representation of numbers having infinitely many decimals such as π or √2, which would be at the
same time digital and exact. The accumulation
of round-off errors can lead to the abnormal
behaviour of the programs. Although this
behaviour is well known, it is difficult to
control, which makes writing and maintaining
reliable algorithms very expensive. A significant part of current research in algorithmic
geometry is related to these questions and
combines the theory of algorithms, formal
computation (wherein the computer handles
symbols and not explicit numbers) and computer arithmetic. It has already led to the development of software libraries which have made
programming easy, efficient and reliable, such
as the library CGAL (Computational Geometry
Algorithms Library) developed by an international collaboration of universities and research
organisations.
Jean-Daniel Boissonnat
INRIA (Institut national de recherche en
informatique et en automatique), Sophia-Antipolis

Some references:
• J.-D. Boissonnat et M. Yvinec, Algorithmic geometry (Cambridge University Press, 1998).
• J.-D. Boissonnat et F. Cazals, « Smooth surface
reconstruction via natural neighbour interpolation of distance functions », dans Proceedings of
the 16 th Annual ACM Symposium of
Computational Geometry (2000).
• CGAL, The Computational Geometry
Algorithms Library, http://www.cgal.org.

Mathematicians in France
and in the world
Jean-Pierre Bourguignon

At the end of the 19th century, there were very few ``geometers'',
as mathematicians were formerly called.
In one century, their numbers have augmented considerably.
Today, they are facing profound changes in their discipline.

d

uring the course of the 20th century, the
mathematical community has undergone a
major expansion. From a few hundred members in 1900, it has passed to tens of thousand
(probably about 80000) members 100 years
later. To make an estimate of this kind it is
necessary at first to agree upon a definition
of the term ``mathematician''. We reserve this
term for those who have reached the education level equivalent to the doctoral thesis and
whose profession attaches importance to
mathematical research or to the assimilation
of its results.
This choice may be considered to be a bit restrictive because it leads us, for example, to
exclude from our field of vision almost all teachers in secondary schools - a category whose
numbers have also increased considerably in
all countries of the world during the second
half of the 20th century.
This growth is the result of several simultaneous processes. First of all, there was the realisation, just after the Second World War, of

the importance of the sciences for economic
and industrial development. In addition, new
groups of people have been able to enter the
profession. Such is the case for women,
although there are great disparities between
different countries. But at the same time, an
academic community bringing together the
participants in higher education made its
appearance in almost every country. To give
only one example, the first mathematicians
from sub-Saharan Africa worked for their doctorate in a university in a Western country or
in the Soviet Union.
The next generation often pursued their studies in their own country: in the decade 19902000, many countries of sub-Saharan Africa
set up autonomous establishments of higher
education and gained their independence
from this point of view. In the coming years,
the expansion will continue with probably a
considerable reinforcement of the mathematical communities, in other countries such
as China and India..
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The earth viewed at night. The world distribution of nocturnal lights is not without reminding us of the centres of mathematical activity.
However, not all mathematicians work at night! (Photo C. Mayhew and R. Simmon/NASA-GSFC)

A community of researchers and its
network of learned societies
How are mathematical communities organised? The expansion of the international
mathematical community was accompanied
by an organisation stimulated by learned
societies, almost all of which survive thanks
to the devotion and the involvement of volunteers. Mathematical societies are still quite
small in size, except for the American
Mathematical Society, which has nearly 15000
members and more than 200 employees.
The first stage occurred on the national
level, usually at a time when the authorities
realised that the development of the sciences
could represent an economic and a military
asset. Thus the Société mathématique de
France (SMF), just as the Société française de
physique, was founded in 1872, immediately
after the 1870 defeat by Germany and the

consequent reflection on its causes. This narrow nationalist perspective is fortunately forgotten
The International Mathematical Union was
created in 1896. It continues to be small. Its
main responsibility is to provide the framework for organising the International Congress
of Mathematicians, a four-yearly event which
has become an unavoidable rendez-vous for
the mathematical community on a global scale.
Its executive committee also undertakes to
nominate the commission which awards the
Fields medals every four years; they represent
the most prestigious award in mathematics
as there is no Nobel Prize in this discipline.
The end of the 20th century saw the emergence of intermediate structures at the level
of continents. The example was given by our
African colleagues who created the African
Mathematical Union as early as the 1980’s.
Then came the European Mathematical Society

94

L’explosion des mathématiques
The IHÉS (Institut des hautes études scientifiques), at Buressur-Yvette in the suburbs of Paris, and a discussion between
mathematicians in its buildings. The IHÉS, devoted to fundamental mathematics and to theoretical physics, is a prestigious
research institute. It has only 7 permanent professors but welcomes some 200 researchers of different nationalities each year,
for variable durations. Recently, some of its mathematicians have
started to concentrate on problems related to molecular biology.
(Photo IHÉS and IHÉS-Outsider Agency)

(EMS), whose gestation was long - as for
the European Union - and which brings
together all the national societies form
geographical Europe and from Israel,
and the UMALCA, which unites the
mathematicians from the Caribbean and
from South America. These new structures were born of the desire to reinforce collaborations on the scale of a
sub-continent and to have a representative
interlocutor in the face of the appearance of
a new political level (as in Europe) or to control
the draining of resources by North America
(as was the case for South America) following
the painful period of military dictatorships

An increasingly broad presence in
industry and the services
Where are mathematicians employed? The
great innovation is that, nowadays, mathematicians are present in many sectors of industry
and the service industry. There is, however, no
``mathematical industry'', such as a chemical
industry or a pharmaceutical industry. Indeed,
the jobs entrusted to people with high mathematical competence often carry very different
names, which makes it difficult to count the
number of ``industrial mathematicians''. A
recent estimate leads one to think that there

are nearly 2000 of them employed this way in
France. This number is to be compared with the
number of their academic counterparts (mathematicians in universities and those working in
various research organisations) which can be
estimated much more reliably as approximately 4000. The division of this academic community between public research organisations
and higher education (approximately 10%
against 90%) is a little singular: generally, in
other scientific disciplines, choices are different
and a much more important proportion devote
all their time to research, without teaching
duties. Which sectors are particularly interested in employing mathematicians? Banks and
insurance companies make an increasingly
intensive use of mathematical competence;
the products which they sell often rely upon
a mathematical construction which is at their
very base. But it is the same with a certain
number of high-technology companies in
which the study of complex systems requires
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a mathematical approach made possible by
the powerful computational tools provided
by the new generation of computers. These
new openings are of a kind which might considerably change the image of mathematics
among students. However, they have not yet
been completely assimilated by French higher
education; the most frequent reason is the
excessive inertia of the education system,
which remains centred around training for
the academic professions.

Mathematicians are confronted with
a new situation
These new developments have not been
without effect on the the way mathematics
is organised, as much in the establishments
of higher education and research as at the
level of publications. The resulting situation
has sometimes been presented as a battle
between ``pure mathematics'' and ``applied
mathematics''. This way of seeing things is
unjustified for at least two reasons. On one
hand, historical examples abound of situations where new mathematics was created
at the behest of external demand; on the
other hand, the new fields to be conquered
cannot be approached by declaring a priori
which part of mathematics will be the key
to the solution of the problems which arise.
Many surprise-connections can be noted,
which proves that the pure/applied dichotomy is unproductive in the final analysis. It
was in this context of internal tension in the
mathematical community that the Société de
mathématiques appliquées et industrielles
(SMAI) was born in France in 1983. Twenty
years later, the two societies, SMF and SMAI,
have found a way of effective co-operation
and together carry out programmes of common interest. They count more than 3000
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members between them, of which many in
the SMAI are from well outside the academic community The principal innovation
comes from the possibility of studying more
and more complex systems thanks to the use
of models of various kinds. Modelling is today
a method to which one often resorts. This new
passion requires a thorough reflection on the
foundations, including philosophical foundations, of this approach. One of the capabilities, which it is advisable to develop, is the
confrontation of the model with the reality
which it is supposed to represent. One can
nevertheless underline two major tendencies which feed on these new contacts between mathematics and a world which is
external to it: a renewal of interest in finite
structures (mathematical structures involving
only a finite number of elements) and the
ubiquity of stochastic approaches (involving
random processes). In the latter field, France
has taken a remarkable turn, compared with
the situation in other countries with the same
level of development, except perhaps for the
underrepresentation of statistics and of data
analysis. On the other hand, the teaching of
discrete mathematics, i.e., having to do with
finite structures, remains quite discrete in
France: very few higher education course
offer a sufficiently complete training in this
field Recently, on the occasion of a conference
devoted to the history of geometry in the
second half of the 20th century, Stephen Smale,
an American mathematician who is one of the
fathers of modern topology and who has since
taken a great interest in numerical analysis,
made a pertinent remark: the extraordinary
growth of mathematics today is often due to
people whom mathematicians tend not to
consider as belonging to their community.
It is true that statistics, cybernetics, operations research, control theory are often
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poorly represented in university mathematics
departments, whereas the heart of all these
disciplines is really mathematical. One could
say the same thing about a good part of theoretical computer science: the depth and the
force of the organic links it maintains with
mathematics are not always appreciated by
the mathematicians themselves. This situation
opens up the possibility of considerable growth
of the mathematicial community provided that
they are less prompt at excluding these new
activities from their field. With greater curiosity and openmindedness there will be greater stimulation and new spheres of activity,
for the greater good of the development of
mathematics itself.

The changes in the profession require
new training programmes
One of the first things to be recognised is
related to the practice of the mathematician's
profession required by these new contacts, a
practice which cannot limit itself to proving
theorems.
The pressing need is that a sufficient number of mathematicians with very different
backgrounds get interested in applications.
This requires them learning to talk to specialists in other disciplines, and listening well.
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introduced at the interface of mathematics
with biology and medicine, for example
But allowing too-specialised training programmes to proliferate would be an error for
two reasons: the narrowness of an approach
of this kind on the one hand, and, on the other
hand, the risk of schism in the mathematical
community that such a practice would present. In order that students perceive in a more
natural way the new orientations accessible
to mathematical methods, major extensive
modifications of the teaching curricula will
probably have to be put into place. One must
create a fluidity between the academic world
and the world of industry and the service
industry; this is a precondition for the generation of good problems, generally dealing
with new fields, so that rather spontaneously
these problems will be dealt with with the
necessary level of depth.
Jean-Pierre Bourguignon
CNRS-IHÉS (Institut des hautes études
scientifiques, Bures-sur-Yvette) et
École polytechnique, Palaiseau

Some references:
Already one notes the introduction of specialised training, in financial mathematics for
example, in various higher education structures throughout the world. Other fields, for
which important openings outside the academic world have appeared, will certainly see
the light of day, on a scale adapted to these
openings; it is already the case as in regard
to the training of actuaries, and it can be foreseen that mixed training programmes will be

• B. Engquist et W. Schmid (eds.), Mathematics
unlimited — 2001 and beyond (Springer-Verlag,
2001).
• C. Casacuberta, R. M. Miró-Roig, J. M. Ortega,
et S. Xambó-Descamps (eds.), Mathematical
glimpses into the 21 st century, Round tables held at
the 3rd european congress of mathematics (Societe
Catalana de Matemàtiques, Barcelona, 2001).
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How to become
a mathematician ?
Maurice Mashaal

For those who want to do fundamental research in mathematics, long
years of training and an obvious talent are necessary.
Those with the passion have at their disposal
several study programmes with varied openings.

i

n the 17th century, a certain magistrate in
Toulouse by the name of Pierre de Fermat
(1601-1665) spent his leisure time in mathematical research and carrying out correspondence on this subject. Although it was not his
profession, Fermat made important mathematical discoveries. He was, for example a pioneer in the introduction of algebraic techniques in geometry, and his work on the theory
of numbers made him famous - in particular
for a conjecture that he formulated and which
was proved only in 1994 (it says that the equation xn + yn = zn doesn't have any solutions x,
y, z in positive integers as soon as the fixed
number n is greater than or equal to 3). Fermat
was, in fact, one of the most brilliant mathematicians of his century.
The time when a gifted autodidact could
make significant discoveries in his spare time
is over. Admittedly, it still happens that mathematical amateurs, who are not professional
mathematicians, discover and prove a new
theorem from time to time. Not only are such

A mathematics course at the university. (Photo Institut de mathématique, Université Bordeaux 1)

cases rare, but the results obtained by them are
about questions of detail, at the margins of the
main currents of evolution in mathematics.

How to become a mathematician ?
No, if somebody today wishes to become
a true mover in mathematics, he has to first
undertake long years of study. Approximately
eight years after the baccalaureat are necessary in order to assimilate the knowledge and
the essential techniques which will allow the
apprentice-mathematician to acquire his autonomy and to start producing original mathematical results on his own.

The traditional route: DEUG,
licence, maîtrise, DEA and doctoral
thesis
Long years of higher studies, agreed, but
which ones? The traditional route, in France,
consists in going through a first university cycle
of two years, then a second cycle of two years,
and finally a third cycle of approximately four
years.
The first cycle is devoted to the DEUG
(Diplôme d'études universitaires générales).
For future mathematicians, it is generally a
question of the scientific DEUG called
``Mathématiques, informatique et application aux sciences'' (MIAS), in which teaching
is centered around mathematics, computer
science and physics; or the one centered
around mathematics and computer science
on one hand, economic or the social sciences
on the other, called the DEUG
``Mathématiques appliquées et sciences
sociales'' (MASS).
The first year of the second cycle at the university is devoted to the licence degree, the
second year to the maîtrise degree. It can be a
licence and a maîtrise in mathematics for those
who intend to go in for fundamental research
in mathematics, or a second cycle MASS for
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those who are interested in applied mathematics with economics and the social sciences,
or still a maîtrise in engineering mathematics,
geared towards industrial applications, with
an emphasis on numerical analysis, modelling,
data processing, probability and statistics.
The third cycle starts with one year of DEA
(Diplôme d’études approfondies), of which
there is a large variety (in mathematics, there
are nearly fifty different kinds all over France).
It might be a fairly general DEA, covering a
rather broad spectrum of mathematics, or a
more specific DEA, such as a DEA in algorithmics or a DEA in biomathematics. The choice
of the DEA is decisive; it is generally during this
year that the student comes in contact with
research-level mathematics, that he will be
confronted with topics of current interest, that
he will have to delve into research articles sometimes published very recently.
The DEA largely determines what follows,
namely a doctorate which generally takes three
years to finish. The student decides upon his
research topic, finds a thesis supervisor in a university department and works on the chosen
topic in order to obtain original results by himself and publish them as one or more papers
in professional journals. The doctoral degree
is awarded after writing and publicly defending a thesis in front of a jury consisting of specialists.

Magistères and Grandes écoles,
springboards towards fundamental
research
Licence, maîtrise, DEA, thesis: such is, in
summary, the conventional course of studies
for becoming a research mathematician in
France; to that are often added one or several years of post-doctoral research, paid for
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by a fellowship or through a fixed-duration
contract and sometimes carried out abroad,
before the young mathematician succeeds in
finding a stable job as a researcher or a teacher-researcher. This model is roughly the same
in most countries. It is the type of route followed by people like Andrew Wiles, the British
mathematician who finally solved the famous
conjecture of Fermat in 1994.
In fact, the itinerary which we have just
described has several alternatives and important exceptions. First of all Grandes écoles
such as the Écoles normales supérieures and
the École polytechnique have a tendency to
drain off the most brilliant students in mathematics in France. To prepare for the entrance
examination to these very selective establishments, the candidates do not go through
the DEUG but study for two (even three) years
in the ``classes préparatoires'' of a lycée, characterised by intensive preparation and a more
important personal effort. After the entrance
examinations, the ``normaliens'' get admitted to the second and then the third cycle of
the universities ; the ``polytechniciens''
undergo two years of training at the École
polytechnique itself and then join, if they so
wish, the university at the level of the DEA.
The passage through the Écoles normales
supérieures or the École polytechnique is not
obligatory for those who want to become
mathematicians ; however, it should be recognised that a majority of the posts of researchers in fundamental mathematics are occupied in France by former normaliens or
polytechniciens.
In addition, several universities propose a
degree of ``magistère'', excellent training in
three years which combines the licence, the
maîtrise and the DEA, and in which the stu-
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dents (for the most part normaliens) are selected on merit after their DEUG or the classe
préparatoire. Future researchers are well advised to go through the magistère rather than
the usual courses.
Let us also mention that there are many
bridges between engineering schools and the
university. Thus, students from the engineering
schools can join the university for a DEA or a
doctoral thesis according to their interests and
their level of competence. Conversely, university students can join an engineering school or
even a Grande école after their DEUG under
certain conditions.

Engineering studies: shorter, but also
less geared towards research
Let us say a few words about the engineering schools which generally admit their
students through a competitive examination
after the classes préparatoires. Although it is
a priori a question of training engineers rather
than researchers, the quality of mathematics
teaching is often very good there. Some of
these schools are particularly appropriate for
those who wish to combine mathematics and
an engineering or a technology field such as
mechanics, acoustics, computer science, etc.
There are also more specialised schools, such
as the ENSAE (École nationale de la statistique
et de l'administration é}conomique) or the
ENSAI (École nationale de la statistique et de
l'analyse de l'information) which train statisticians and the EURIA which trains actuaries,
etc
An engineering training procures a rather
fast entry into professional life, after four or
five years of higher studies. Obviously, the nature
of the work done by a mathematician-engineer
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entreprises) and the
MST (maîtrise de
sciences et techniques). As in the
engineering schools,
these baccalaureat+4 type courses
are not particularly
or exclusively centred around mathematics. But a DESS
(diplôme d'études
supérieures spécialisées), a kind of professional DEA, can
supplement such an
education and give
the student a more
In mathematics, more than in the other scientific disciplines, the library is an essential tool - for the stusubstantial mathedents as well as for the researchers. (Photo Institut de mathématique, Université Bordeaux 1)
matical training.
There is thus a DESS
working in a company will not be the same as
in ``Calcul scientifique et informatique'',
as that of a researcher working in a university
``Ingénierie mathématique'', ``Mathématiques,
department: it will consist more in applying informatique et sécurité de l'information'',
mathematics which is already known to concrete ``Modélisation stochastique et recherche opéproblems rather than in creating new mathe- rationnelle'', etc.: the choice is vast!
matics. However, between these two types of
activity, one can find all the intermediate stages
according the the nature of the company, the The job prospects are better when
other disciplines are given a more
organisation or the department, and according
to the person and his education. For example, important place in the curriculum
an engineer who has been trained in research
What are the job prospects for mathethrough a doctoral thesis and who is working
matics graduates? For those who have gone
in a large high-tech company may have to carry
up to the doctorate or beyond, the natural
out fundamental research.
options are research and higher education:
Lastly, one must know that an enginee- public research organisations like the CNRS,
ring-type education is also given by universi- the INRIA, the CEA, the ONERA, etc., but also
ties, through the Instituts universitaires pro- big companies like the RATP or EDF-GDF,
fessionnalisés (IUP) or a professional maîtrise recruit researchers and the universities recruit
such as the MIAGE (maîtrise en méthodes teacher-researchers; in the same way, the
informatiques appliquées à la gestion des Grandes écoles or engineering schools recruit
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Interdisciplinarity, a key for the future
Many people are conscious of the need for opening up mathematics to other disciplines. Top mathematics turns out to be useful and necessary in increasingly many fields; conversely, the concrete problems
which arise in these fields can inspire fruitful fundamental research which results in progress in mathematics itself. Within teaching and research institutions, there is a political desire to develop interdisciplinarity but it has been difficult to put it in practice.
One of the main places where action should be taken is higher education. It is true that at the level
of the DEA or the DESS in mathematics, one can notice a certain opening up towards other fields, but
the situation in the second cycle (licence and maîtrise) of the university appears to be more alarming:
``mathematics is taught here in an almost completely monolithic fashion; it is necessary to redesign the
curricula, which have changed very little during the last few decades'', says Jean-Pierre Bourguignon,
director of the Institut des hautes études scientifiques (IHES). ``For example, the interface between
mathematics and biology or medicine is almost nonexistent, and it is the same for discrete mathematics''. All the same, one can note a few changes, such as the introduction of a paper in modelling in the
agrégation examination.
Another place where action should be taken towards greater interdisciplinarity concerns the recruitment of researchers and university teachers, as well as, the promotion policy in their careers. As Jean-Marc
Deshouillers, director of the Mission scientifiques universitaire at the Ministère de la Recherche underlines it, ``one can support interdisciplinary exchanges through recruitment committees'', so that, for
example, specialists in statistics are recruited in a biology laboratory. One can also create new laboratories devoted to multi-disciplinary topics, or try to modify the focus of the existing laboratories after their
evaluation. This is what organisations like the CNRS or the Ministère de la Recherche are already doing.
But, on the way to interdisciplinarity, there are numerous difficulties: it is necessary to give up certain
practices, to circumvent administrative or statutory obstacles, to overcome the incomprehension between
researchers of different disciplines, to invest in men and in finances, etc. Things are still at a beginning.
``Scientific specialisation and competition, and the system of evaluation and recruitment, very often tend
to favour conventional profiles and are not very flexible'', says Christian Peskine, deputy scientific director for mathematics at the CNRS; the system does not favour the emergence of people having a different
background or those wanting to take (scientific) risks in new fields. But those who already have a role or
a place in interdisciplinary topics could have an exemplary effect and encourage other colleagues or students to imitate them.

How to become a mathematician ?
teachers and also researchers when they have
research laboratories. However, only a very
limited number of research and higher-education jobs are available, and the process is,
therefore, very selective. For example, CNRS
(Centre national de recherche scientifique)
recruits about fifteen young people as ``chargé
de recherche'' in mathematics every year (20
in 1995, 13 in 1997), the universities about a
hundred ``maître de conférence'' (116 in 1995,
111 in 1997); these numbers are to be compared with the number of doctoral degrees
in mathematics awarded every year, which is
around 350-400 (in France).
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departments of companies, etc., where mathematical competence is needed. Provided that
the studies include a specialisation in one or
more disciplines in addition to mathematics,
the risk of finding oneself without work is
quite low.
Maurice Mashaal
journaliste scientifique

As for private companies, traditionally they
recruit engineers; few mathematicians (meaning research mathematicians) find a place
there. However, the need for intensive mathematical research is being felt in a number emerging fields (finance, insurance, information
technology, telecommunications, robotics,
aeronautics and space industry, oil prospecting, etc.). As a result, the presence of mathematicians in such companies is going to
increase; and they will be hired all the more
easily if their mathematical training will have
given place to other disciplines (see the box).
Mathematical studies at a level less than
the doctorate offer many more outlets, but
the corresponding jobs are further removed
than that of a mathematician, strictly speaking. A large number of places is offered by
secondary education: a teacher's job in a lycée
can be had after a licence or a maîtrise, followed by one year of preparation for the competitive examination CAPES (after the licence)
or the agrégation (after the maîtrise). But
there is an array of employment opportunities in banks, in insurance, in information technology, in the ``research and development''

Some references:
• Infosup n° 189, janvier-février 2001 (Dossier
de l’ONISEP sur les études universitaires de
mathématiques et leurs débouchés).
• Site Internet de l’ONISEP (Office national
d’information sur les enseignements et les professions) : http://www.onisep.fr.
• Mathématiques à venir - où en est-on à la veille
de l’an 2000 ? supplément au n° 75 de la
Gazette des mathématiciens, publié par la SMF et
la SMAI (1997).
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